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. (a) A sequence is an ordered list of numbers. It can also be defined as a function whose domain is the set of positive

integers.

(b) The terms a approach 8 as n becomes large. In fact, we can make ax as close to 8 as we like by taking n
sufficiently large.

(c) The terms a,, become large as n becomes large. In fact, we can make a., as large as we like by taking n

sufficiently large.

- (a) From Definition 1. a convergent sequence is a sequence for which lim ay exists. Examples: {1/n}, {1/2"}

n—oo

(b) A divergent sequence is a sequence for which lim a, does not exist. Examples: {n}, {sinn}

n—oo

. an =1 —(0.2)". so the sequence is {0.8,0.96, 0.992, 0.9984, 0.99968, . . . }.
"L esequeneeis {2345 6 ) (1315 3
BTN Rt ot RIS VR VARRRE Ghal ERN-AE TR RE-RRR &
3( ) , so the sequence is _—3 3 _—3 33 ~]33 L1 1
n = W T 2w ne T U e vy T
.an:2~4~6~~--(2n),sothesequenceis

{2,2-4,2-4-6,2-4~6-8,2~4-6~8-10,...}:{2,8.48,384.3840,...}.

. a1 = 3. @nt1 = 2a, — 1. Each term is defined in terms of the preceding term.

ag:2a1~1=2(3)—1:5. a3:2a2—1:2(5)—1=9‘a4=2a3—1=2(9)—1=17.
as = 2a4 — 1 =2(17) — 1 = 33. The sequence is {3,5,9, 17, 33,...}.

. a1 =4.any1 = a n T Each term is defined in terms of the preceding term.
-
_ al _ 4 _ 4 _ az _ 4/3 _ 4/3 _ . _
az = m_1 4-1-3®= o1 E— =13 = 4. Since a3 = a1, we can see that the terms of the
sequence will alternately equal 4 and 4/3, so the sequence is {4,4,4.3,4....}.
. The numerators are all 1 and the denominators are powers of 2, so a,, = QL

. . 1
The numerators are all 1 and the denominators are multiples of 2, so a,, = o
n

{2,7.12,17,.. . }. Bach term is larger than the preceding one by 5. so
an=a1+dn—1)=2+4+5n-1)=5n—-3.
{-1, 2 -3 - }. The numerator of the nth term is n and its denominator is (n + 1)°. Including the
alternating signs. we get a,, = (—1)" Lz

(n+1)
{1.-2,3,-£&, ...} Bachtermis —2 times the preceding one. 50 a,, = (=)t

{5,1,5,1,5,1, ... }. The average of 5 and 1 is 3. so we can think of the sequence as alternately adding 2 and —2 to
3. Thus, an = 3 + (=1)"*1 . 2,

an =n(n—1). a, — coasn — oo, so the sequence diverges.

869
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16.

11.

18.

2n 1/2\" .
19. a, = 7 = 3 <§> vso lim an = 3 nler;o(%) =1.0=0by(8) withr = 2. Converges
n n
2. an, = 1T vn =1 /\/\/ﬁ_-l- T The numerator approaches oo and the denominator approaches 0 + 1 = 1 as
n — 00, S0 an — oo as n — oo and the sequence diverges.
_l)n—ln (—*l)n_l 1 1
21. an = ( = <lap|l=——— < =
a 1 n+1/n.500_|a| n+1/n§n—>0asn—>oo,soan——>0bytheSqueeze
Theorem and Theorem 6. Converges
—-1"n? n? 1
2. a, = —(———— N n| = = 1 , but th
a B o1 oW |an| o1 1+%+n_13—a as n — oo, but the terms of the sequence
{a} alternate in sign, so the sequence a1, a3, as, .. . CONVErges to —1 and the sequence a2, a4, as, . - . converges
to +1. This shows that the given sequence diverges since its terms don’t approach a single real number.
23. a,, = cos(n/2). This sequence diverges since the terms don’t approach any particular real number as n. — 00. The
terms take on values between —1 and 1.
2. a, = cos(2/n). Asn — oo, 2/n — 0,50 cos(2/n) — cos0 = 1. Converges
(2n —1)! (2n —1)! 1
25. an, = = = 0 as n — oo. Converges
5 n = o T T @ar D(En)(2n - 1) (2n+ (2n) &
26. 9 — 0o as n — 0. so since lim arctanz = Z, we have lim arctan2n = 5. Converges
£—00 n—00
n -n —-n —2n
27.an=f—+e—~e——=1+e — 110 — 0 asn — oo. Converges
e2n — 1 e—"n en —e— "M en —
28. an, = Inn _ Inn = ! — — 1 asn — oo. Converges
7" 7 In2n  In2+mn 2241 041 ’
n? z? H 2r H 2 . .
29. q, = n2e " = —. Since lim — = lim — = lim — =0,it follows from Theorem 3 that lim an = 0.
em z—o0 e* z—o0 e%® z—oo0 €% n—oo
Converges
30. a,, = ncosnm = n(—1)". Since |an| = n — 00 asn — oo, the given sequence diverges.
2 1 2
31.0< connn < 2% [since 0 < cos®>n < 1], sosince lim o = 0, {c_on_n_n} converges to 0 by the Squeeze
Theorem.
n+1 1 h
32 a,=In(n+1)—Inn=In =In{1+ poul B In (1) = 0 as n — oo. Converges
33. a, = nsin(l/n) = M Since lim sin(1/z) _ lim —— [wheret = 1/z] = 1. it follows from
]_/n T—00 T t—»0+ t

. — n+l 1+1/n s0a, 140 1
= —_— — = =
n=37 =31/ 3-0 3asn—>oo‘ Converges
L 3450 _ (3+5n°)/n® _5+43/n? 5+0
n o (n+ ) /n? = 1+1/n,soan—>1—+0:5asn—>oo. Converges
an = vn L SO ! 1 C
n — = 5 an — — - = . <
T+ vm  Tvntl 0r1 asn — oo. Converges

Theorem 3 that {a, } converges to 1.
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34 anz\/_—mzm—,uﬁ(l—%):n<%—\/¥> —n(0—1) — —nasn — oo,

S0 an, — —oo as n — oo. Diverges

2\'/" 1 2 1 2
B.a,=(1+- = Ina,==-In{l4+—-). Asn—>00.— —0andln{1+ =) — 0,s0lna, — 0.
n n n n n
Thus. an — €® = 1asn — oo. Converges
sin 2n and lim =  lim a, = 0by

1
n =0.50 <an < ——
1+\/‘| |*1+\/_ n—oo +\/_ 1+\/‘ 1++vn n—oo

the Squeeze Theorem. Converges

36. a, =

37. {0,1,0,0,1,0,0,0,1,...} diverges since the sequence takes on only two values, 0 and 1, and never stays
arbitrarily close to either one (or any other value) for n sufficiently large.

1 1
11111 _ . . P
8{1355550s  Jama== and am = —— for all positive integers . nlirr;oan = 0 since
1
lim agn—1 = lim o= Oand lim a2, = lim n 2= 0. For n sufficiently large, a,, can be made as close to
0 as we like. Converges
nl 1 2 3 (n—=1) n_1 n n
39. M= — = == = e > — H
¢ 2n 2 2 2 2 272 2 (forn > 1] 4 ooasn — oo, s0 {an} diverges.
" 333 3 3 33 3 27
40. 0 < |an| = . 2. Z..... -2 2 i . <
lax| 1 2 3 (n-1) n=1 2 n [forn > 2] 2n_*039n—>00.sobytheSqueeze
Theorem and Theorem 6, {(—3)™ /n} converges to 0.
a. ) 42,
25
(. ) e =
0 20
— J
-25 0 7 20

F .
rom the graph. we see that the sequence From the graph, it appears that the sequence converges to 2.

nn + 1 . . . . . n
{(—1) - } is divergent, since it oscillates {(=2)"} converges to 0 by (6). and hence {2+ (-2)"}
between 1 and —1 (approximately). converges t0 2 + 0 = 2.
43. OF — From the graph, it appears that the sequence

converges to about 0.78.

lim

1. _—
nheo2n 1 nomedfijn o %

lim arctan 2n = arctanl = &
oo - n 1 = ctan 1 = Z
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RRAe 500

|sinn|

) converges to 0.

=05

5

( A

J

0 10
10

—

\ 2
1

—

0< <L

Vi T n

Squeeze Theorem and Theorem 6, {

converges (slowly) to 0.

From the graph, it appears that the sequence

— 0 as n — o0, so by the

)

From the graph, it appears that the sequence converges to 0.

3

n n
0<ap=—=

n 1

n
n! n

(n-1)

n2

(n—2) (n—3)

St Din-2)n_3)

1/n

[for n > 4]

(1—-1/n)(1—2/n)(1—3/n)

So by the Squeeze Theorem, {n®/n!} converges to 0.

—0asn — oo

From the graph, it appears that the sequence converges to 5.

5= ¥5n < Y34 5n < VBnton = V26"

— 2.5 5asn—oo [ lim 2" =20=1]

n—oo

Hence. an, — 5 by the Squeeze Theorem.

Alternate Solution: Lety = (3" + 5%)"/®_ Then

In (3% 4+5°) u

3*In3 +5%Inb

Iy =i, ST
(3)*In3+1In5
=l 2 =In5
O

so lim y =e™5 =5, and so { V3 + 5"} converges to 5.

r—00

From the graph, it appears that the sequence approaches 0.

0 _1-3:5----- 2n—-1) 1 3 5 2n —1
< n= (2n)™ T 2n 2n 2n 2n
<Xt .. (1)*—1——>0asn—>oo

<o () (1) =5
1-3-5-----(2n—1)
So by the Squeeze Theorem, )" converges

to 0.
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5000
19;) 2 e R
. ¢ \_ R J
o= PP 10 0 15
1-3:-5----- (2n —1)

From the graphs, it seems that the sequence diverges. a, = . We first prove by induction

n—1
that a, > (g) for all n. This is clearly true for n = 1. so let P(n) be the statement that the above is true for

41 <3>"_1.2n+1

= induction hypothesis).
n+1 — n+1 (indu P

n. We must show it is then true forn + 1. ant1 = an - 2

2n+1
n+1

But

2% [since2(2n+1) >3(n+1) ¢ 4n+2>3n+3 < n> 1] andso we get that

Ant1 > (%)""1 -3 =(2)" which is P(n + 1). Thus, we have proved our first assertion. so since {(%)n_l}

diverges (by (8)), so does the given sequence {a.}.

(@) an =1000(1.06)" = a; = 1060, az = 1123.60, a3 = 1191.02. as = 1262.48, and a5 = 1338.23.
(b) lim an = 1000 lim (1.06)™. so the sequence diverges by (8) with r = 1.06 > 1.

When a; = 11, the first 40 terms are 11, 34, 17. 52. 26. 13. 40,

%an if ay is an even number
An4+1 = X .
3an + 1 if ay is an odd number

20,10.5,16.8,4,2,1.4,2.1,4.2,1.4,2,1.4,.2.1.4,2.1,4.2.1.4.2. 1. 4. 2. 1. 4. When a; = 25, the first
40 terms are 25, 76, 38, 19. 58. 29, 88, 44, 22, 11, 34, 17, 52, 26, 13. 40. 20. 10. 5,16.8.4,2.1,4,2,1.4,2,1. 4,
2,1,4.2,1,4. 2,1, 4. The famous Collatz conjecture is that this sequence always reaches 1, regardless of the
starting point a; .

If [r| > 1. then {r™} diverges by (8). so {nr"} diverges also, since [nr™| =n|r"| > |r™|. If |r| < 1 then

x

. . T H . 1 . .
lim zr® = lim = lim —————— = lim = 0,50 lim nr™ = 0, and hence {nr"} converges
z—00 ¢—00 P7%  z—oo (—InT)r=®  zioo —Inr n—oo

whenever [r| < 1.
(a) Let lim a, = L. By Definition 1, this means that for every € > 0 there is an integer N such that |a,, — L| < ¢
n—o0

whenever n > N. Thus, [ant1 — L| < e whenevern + 1> N < n> N — 1. It follows that

lim any1 = Landso lim a, = lim An41.
n—oo n—00 n-—oo

(b)If L = lim a, then lim anyy = L also, so L must satisfy L = 1/1+L) = L*4+L-1=0 =

n-—00

L= ;1—“215 (since L has to be non-negative if it exists).
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53. Since {an} is a decreasing sequence, an > an+1 for all n > 1. Because all of its terms lie between 5 and 8, {a, } is
a bounded sequence. By the Monotonic Sequence Theorem, {an } is convergent; that is, {a» } has a limit L. L must

be less than 8 since {an } is decreasing, so 5 < L < 8.

_ "o . . . .
54. a, = 1/5™ defines a decreasing geometric sequence since an+1 = éan < an, foreachn > 1. The sequence is

bounded since 0 < an, < 3 foralln > 1.

11
20n+1)+3 2n+5  2n+3

55. a,, = is decreasing since an+1 = = an foreachn > 1. The

2n+ 3

sequence is bounded since 0 < an < % for all n > 1. Note that a; = é

2n —3 . . . —
56. a, = 3Z I defines an increasing sequence since for f(z) = :2); n Z
3z +4)(2) — 2z - 3)(3 17 . .
fl(z) = 3z +4)(2) - ( ;E )©3) = 5 > 0. The sequence is bounded since ar > a1 = —% for
3z +4) 3z +4)
2n—3 2n 2
>1l,anda, < ——— < 7— = 7 f > 1
n > 1,and an, < 3n <3n 3orn_
57. a, = cos(nm/2) is not monotonic. The first few terms are 0, —1,0.1,0. =10, 1,.... In fact, the sequence

consists of the terms 0, —1, 0. 1 repeated over and over again in that order. The sequence is bounded since |an| < 1

forallm > 1.

58. a,, — ne " defines a positive decreasing sequence since the function f(z) = ze~* is decreasing for x > 1.

[f'(z) =e " —we”® = e "(1 — ) < 0forx > 1] The sequence is bounded above by a1 = % and below by 0.

n . . . =z
59. a, = 1 defines a decreasing sequence since for f(x) = ol
2 _ 2
fi(z) = (m + 1)(1) 217(21:) = 1-2 5 < 0forz > 1. The sequence is bounded since 0 < an, < % for all
(z2+1) (z2+1)
n > 1.

. 1. . .
60. ap, = n + 1 defines an increasing sequence since the function g(z) =o+ p is increasing for x > 1.
n
[¢'(x) = 1 — 1/2* > 0 for z > 1.] The sequence is unbounded since a,, — oo as n — oo. (It is, however.

bounded below by a1 = 2.)

61. a1 = 2V/2, ag = 2%/%. a3 =27/5, ... 0 ay = 22" ~D/2" = 21=(/2) iy @, = lim ol1-(1/2") — ol = 2,

n—00 n—o0o

Alternate solution: Let L = lim a,. (We could show the limit exists by showing that {a, } is bounded and
n—oo

increasing.) Then L must satisfy L = v2-L = L?=2L = L(L-2)=0. L # 0since the sequence

increases, so L = 2.



62.

63.

64.

65.

66.

SECTION 11.1 SEQUENCES O 875

(a) Let P, be the statement that a,+1 > an and a, < 3. P is obviously true. We will assume that P, is true and

then show that as a consequence P, 1 must also be true. an4+2 > nt1 & V24 ant1 > V2+an &
24ant1 > 2+an &  anti1 > an, which is the induction hypothesis. an,+1 <3 < \/m <3 &
24+a, <9 & ap <7, which is certainly true because we are assuming that a, < 3. So P, is true for all n,
and so a1 < an < 3 (showing that the sequence is bounded). and hence by the Monotonic Sequence Theorem,

lim a, exists.

n—00

(b) If L = lim an.then lim an4y1 = Lalso,soL=+v2+L = L[’ =2+L & I[2-L[-2=0 &

n—00

(L+1)(L—-2)=0 <« L =2 since L can’t be negative).

We show by induction that {a, } is increasing and bounded above by 3.

Let P, be the proposition that an4+1 > an and 0 < an < 3. Clearly P is true. Assume that P, is true.

1 1 1 1
Then any1 > an = <— = - > ——.
An41 An an+1 an
1 . . .
Now anto =3 — >3- — =ant1 & Pny1. This proves that {an} is increasing and bounded above
An+1 an

by 3,501 = a1 < an < 3. thatis, {an} is bounded. and hence convergent by the Monotonic Sequence Theorem.

IfL = lim a,,then lim ani1 = L also, so L must satisfy L = 3 — 1/L = L[*-3L+1=0 =

n—00

L=32£Y5 ButL>150L=3%Y5

We use induction. Let P, be the statement that 0 < an41 < a, < 2. Clearly P, is true, since ay = 1/3-2)=1.
Now assume that P, is true. Then any; < an = —Qn41 2 —Qn = 3—any1 >3 —ap =

1 < 1
3—an+1 ~ 3—an

Ant2 = = Gnt1. AlSO Gny2 > 0 (since 3 — any1 is positive) and an 41 < 2 by the induction

hypothesis, so P, 1 is true.

To find the limit, we use the fact that lim a,, = lim nt1 = L=z = [2_3L41=0 =

n—oo 3-L

L= %@ But L < 2, so we must have I, = 3;2@

(a) Let an be the number of rabbit pairs in the nth month. Clearly a; = 1 = a2. In the nth month, each pair that is
2 or more months old (that is, a,_z pairs) will produce a new pair to add to the a,,_; pairs already present.
Thus, an = @n—1 + an—2, so that {an} = {f»}. the Fibonacci sequence.

f"l+1 fn fn—l + ,fn—2 f -2 1 1
(b) an = = apn-1 = = =1+"==1+4 =1+ CIf
fn fnfl fn~1 fn—l fn—l /fn—2 Ay —2
L = HILH;O an.then L = lim an_;and L = lim Qn-2, 80 L must satisfy L =1 + % =
L*-L-1=0 = L= %5 (since L must be positive).
(a) If f is continuous, then f(L) = f( lim an) = lim f(an) = lim an41 = L by Exercise 52(a).

n-—00

(b) By repeatedly pressing the cosine key on the calculator (that s, taking cosine of the previous answer) until the
displayed value stabilizes, we see that L ~ 0.73909.
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67. (a) 59

N From the graph, it appears that the
ns
sequence{ m} converges to 0, that is,
5
lim — =0.
n—oo MN.
o 2 /10
(b) 1 0.03
/ A s 3
y=0.1
_ y = 0.001
75 : 125 95 T =155
0 0

From the first graph, it seems that the smallest possible value of N corresponding to € = 0.11is 9, since

n®/n! < 0.1 whenever n > 10, but 9°/9! > 0.1. From the second graph, it seems that for e = 0.001, the

smallest possible value for N is 11.

68. Let & > 0 and let N be any positive integer larger than In(e)/In|r|. Ifn > N thenn > In(e)/Injr| =
nln|r| <Ilne [since|r|<1 = Inlr|<0] = In(|r|") <lne = |r|* <e = |r" —0| <e.andso
by Definition 1, lim 7™ =0.

n—oo
69. If lim |a.| = Othen lim — |an| = 0, and since — |an| < an < |an|, we have that lim a, = 0 by the Squeeze
n—oo n—00 n—00

Theorem.

bn+1 _ an+1
N (@) ——— = b b a4 b 22 + b2 -+ ba™ T a”
—a

< bbb 4 bR BT D = (n - 1)

(b) Since b — a > 0. we have b ! — @™t < (n+1)p"(b—a) = prtl — (n+ DB (b—a) <a™t' =
b*[(n + 1)a — nb] < amtt.

1\" 1\
(c) With this substitution, (n 4+ 1)a — nb = 1, and so " = (1 + —) <a'tl = (1 + ) .
n n+1
d) With this substituti t {1 IANE <l = 1+_1_"<2 = 1+L2n<4
(d) With this substitution, we ge + on 2 on on .
() an < agn since {an} is increasing, s0 an < a2n < 4.

(f) Since {ax } is increasing and bounded above by 4, a1 < an < 4, and so {an} is bounded and monotonic, and
hence has a limit by Theorem 11.
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71. (a) First we show thata > a1 > by > b.
2 .
a1 — by = 2 —Vab= %(an\/zﬁ)+b) = %(\/_—\/B) >0 (sincea>b) = a; > b Also

a—ar=a—4a+b)=14a—b)>0andb—b =b-Vab=Vb(Vh-va) <O.s0a>ar > b >b.

In the same way we can show that a1 > a2 > b2 > b; and so the given assertion is true for n = 1. Suppose it is

true for n = k, thatis, ax > ak+1 > br41 > bk. Then

ak+2 — brrz = 3(akt1 + brs1) — Vars1besr = %(aku =2V akt1beyr + bk+1)
2
= %(,/dk.}_l -\ bk+1) >0

Qk+1 = Qkt2 = akt1 — 5 (ak41 + brg1) = 3 (argr — brg1) >0

and br41 — br2 = brg1 — \/ak+1bk+1 = \/bk+1 (\/bk+1 - \/ak+1) <0 =

Gk+1 > Qk+2 > bryo > bry1. so the assertion is true for n = k + 1. Thus, it is true for all n by mathematical

induction.

(b) From part (a) we have @ > an > an41 > bny1 > by > b, which shows that both sequences, {an} and {b,},

are monotonic and bounded. So they are both convergent by the Monotonic Sequence Theorem.

(c) Let lim a, = o and hm bn = . Then hm Gn+1 = lim M = a= a_—}-_ﬂ

200=a+ = a=4.

72. (a) Lete > 0. Since lim a2, = L, there exists N, such that lazn — L| < eforn > Ni. Since lim agniq = L.
n—oo n—oo

there exists Nz such that |azn41 — L| < e forn > Np. Let N = max {2N1,2N2 + 1} andletn > N. Ifnis
even, then n = 2m where m > N1, 50 |an — L| = |agy, — L| < e. Ifnisodd, then n = 2m + 1, where

m > Na, 50 lan — L| = |agm+1 — L| < e. Therefore lim a, = L.

n—oo
(b) ay =1, a2—1+1+1:§=145,a3=1+5—}2= = 14,04 =1+ 53 = I = 1.416,
=1+ 5515 = 55 ~ 1413793, a6 = 1 + 75 = 2 ~ 1.414286. ar = 1+ a7 = 239 ~ 1.414201,

ag =1+ —— 408/169 = 403 ~ 1.414216. Notice thata; < a3 < as < a7 and ag > as > ae > ag. Itappears

that the odd terms are increasing and the even terms are decreasing. Let’s prove that azn_2 > as, and

@2n—-1 < @2n+1 by mathematical induction. Suppose that ass,_o > azk. Thenl+agp—2 > 1+ as =

1 1
- < = 14+—— <1 _
14+ agk—2 14 agk + 14+ agk—2 <+ 1+ agk = 02k-1 < G2ky1 =
1 1 1 1
1+a2k71<1+(12k+1 = > = 1+—>14 —
1+ agk—1 1+ aok41 1+ a2k + 14 agk41
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a2k > azk+2. We have thus shown, by induction, that the odd terms are increasing and the even terms are
decreasing. Also all terms lie between 1 and 2. so both {a } and {b, } are bounded monotonic sequences and

are therefore convergent by Theorem 11. Let lim a2, = L. Then lim azny2 = L also. We have

1 1 4+3a 4+3a
An+42 = 1 =+ =1 + — n — 2n .
T+ 1+ 1/(1+an) Br2an) (It an) 342, 0 P T 35 0q,, NNE
4+3L

limits of both sides, we get L =

T A 3L+2L?=4+3L = L[?*=2 = L =+/2 (since

L > 0). Thus, lim az, = /2. Similarly we find that lim agn+1 = V2. So. by part (a). lim a, = V2.

n—oo n—oo

b lim p,

n— o0

73. (a) Suppose {pn } converges to p. Then pnt1 = = lm ppt1 =
n—o0

@+ Pn a+ lim p,
_ b 2 _
p_a+p = P+ap—bp = p(;D—i-a—b):O = p:Oorp:b_a.
bp
bn PRal b . n
(b) prnt1 = Pn_ _ @ < —Pn smcel—i—% > 1.

a+pn 14Pn
a

b b b\? b b\*
(©) By part (b).p1 < ( = |po.p2 < (= )pr < =) po.p3 < (= |p2 < {— ) Ppo.etc. In general.
a a a a a

b\" b\"
Ppn < <"> po.so lim p, < lim (—) -po = 0since b < a. [By result 8, lim 7" =0if -1 <r <1.
a n—00 a n—oo

n—oo

Herer = — € (0,1).]

ISERS

(d) Let a < b. We first show, by induction, that if po < b — a,then p, < b — aand pnt1 > Pn-

bpo —pOZM > 0 since po < b — a. Sop1 > po.
a+ po a + po

Forn = 0, we have p1 — po =

Now we suppose the assertion is true for n = k. that is, px < b — a and pg+1 > pk. Then

bpk a(b—a)+bpr —ape —bpe _ a(b—a— Dk)

b—a— =b—a-— = = > 0 because pr, < b —a.
Prt1 a+ pk a + Pk a + Pk
bpk+1 pr+1(b—a—pri1) .
So < b—a. And — = —— = > 0 since pry1 < b—a.
Pk+1 a Pk+2 — Pk+1 @+ Pt Pk+1 @+ pert Prk+1

Therefore, px42 > Pr+1. Thus, the assertion is true for n = k + 1. It is therefore true for all n by mathematical
induction. A similar proof by induction shows that if po > b — a, then pr > b — a and {pn} is decreasing.
In either case the sequence {p,, } is bounded and monotonic, so it is convergent by the Monotonic Sequence

Theorem. It then follows from part (a) that lim p, = b — a.
n—oo
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1. To write such a program in Maple it is best to calculate all the points first and then graph them. One possible

sequence of commands [taking po = % and k = 1.5 for the difference equation] is

t:="t’;p(0) :=1/2;k:=1.5;

for j from 1 to 20

plot([seqg([t,p(t)]

In Mathematica, we can use the following program:

plol=1/2

k=1.5

do p(j):=k*p(3-1)*(1-p(j-1))

plj_l:=k*p[j-1]1*(1-p(j-11)

P=Table[p([t], {t,20}]

ListPlot [P]

With pg = % and k = 1.5:

n Pn n Pn n Dn
0105 7 | 0.3338465076 | 14 | 0.3333373303
1| 0375 8 | 0.3335895255 | 15 | 0.3333353318
2 | 0.3515625 9 | 0.3334613309 | 16 | 0.3333343326
3 | 0.3419494629 | 10 | 0.3333973076 | 17 | 0.3333338329
4 | 0.3375300416 | 11 | 0.3333653143 | 18 | 0.3333335831
5 | 0.3354052689 | 12 | 0.3333493223 | 19 | 0.3333334582
6 | 0.3343628617 | 13 | 0.3333413274 | 20 | 0.3333333958
Withpo =  and k = 2.5:

n Pn n Dn n Pn
0|05 7 | 0.6004164790 | 14 | 0.5999967417
1] 0.625 8 | 0.5997913269 | 15 | 0.6000016291
2 | 0.5859375 9 | 0.6001042277 | 16 | 0.5999991854
3 | 0.6065368651 | 10 | 0.5999478590 | 17 | 0.6000004073
4 ] 0.5966247409 | 11 | 0.6000260637 | 18 | 0.5999997964
5 | 0.6016591486 | 12 | 0.5999869664 | 19 | 0.6000001018
6 | 0.5991635437 | 13 | 0.6000065164 | 20 | 0.5999999491

od;

t=0..20)],t=0..20,p=0..0.5,style=point) ;

? ~
0o — /20
1

(

\ )

Both of these sequences seem to converge (the first to about % the second to about 0.60).
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Wlth po = % and k‘ = 15

01 CHAPTERM
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n Pn n Pn n Dn

0 | 0.875 7 | 0.3239166554 | 14 | 0.3332554829
1 | 0.1640625 8 | 0.3284919837 | 15 | 0.3332943990
2 | 0.2057189941 9 | 0.3308775005 | 16 | 0.3333138639
3 | 0.2450980344 | 10 | 0.3320963702 | 17 | 0.3333235980
4 | 0.2775374819 | 11 | 0.3327125567 | 18 | 0.3333284655
5 | 0.3007656421 | 12 | 0.3330223670 | 19 | 0.3333308994
6 | 0.3154585059 | 13 | 0.3331777051 | 20 | 0.3333321164
Withpo = £ and k = 2.5:

n Pn n Pn n Pn

0 | 0.875 7 | 0.6016572368 | 14 | 0.5999869815
1 | 0.2734375 8 | 0.5991645155 | 15 | 0.6000065088
2 | 0.4966735840 9 | 0.6004159972 | 16 | 0.5999967455
3 | 0.6249723374 | 10 | 0.5997915688 | 17 | 0.6000016272
4 | 0.5859547872 | 11 | 0.6001041070 | 18 | 0.5999991864
5 | 0.6065294364 | 12 | 0.5999479194 | 19 | 0.6000004068
6 | 0.5966286980 | 13 | 0.6000260335 | 20 | 0.5999997966

2. Withpo = § and k = 3.2:

The limit of the sequence seems to depend on k. but not on po.

n Dn n Pn n Dn

0| 0.875 7 | 0.5830728495 | 14 | 0.7990633827
1] 035 8 | 0.7779164854 | 15 | 0.5137954979
2 | 0.728 9 | 0.5528397669 | 16 | 0.7993909896
3 | 0.6336512 10 | 0.7910654689 | 17 | 0.5131681132
4 | 0.7428395416 | 11 | 0.5288988570 | 18 | 0.7994451225
5 | 0.6112926626 | 12 | 0.7973275394 | 19 | 0.5130643795
6 | 0.7603646184 | 13 | 0.5171082698 | 20 | 0.7994538304

..............

. J

0 20
1
' A
N J

0 20
1
r )

It seems that eventually the terms fluctuate between two values (about 0.5 and 0.8 in this case).



. With po = % and k = 3.42:

LABORATORY PROJECT LOGISTIC SEQUENCES O 881

n Dn n Pn n Dn

0| 0875 0.4523028596 | 14 | 0.8442074951
1 | 0.3740625 0.8472194412 | 15 | 0.4498025048
2 | 0.8007579316 0.4426802161 | 16 | 0.8463823232
3 | 0.5456427596 | 10 | 0.8437633929 | 17 | 0.4446659586
4 | 0.8478752457 | 11 | 0.4508474156 | 18 | 0.8445284520
5 | 0.4411212220 | 12 | 0.8467373602 | 19 | 0.4490464985
6 | 0.8431438501 | 13 | 0.4438243545 | 20 | 0.8461207931
With po = £ and k = 3.45:

n DPn n Dn n Dn

0| 0.875 7 | 0.4670259170 | 14 | 0.8403376122
1 | 0.37734375 8 | 0.8587488490 | 15 | 0.4628875685
2 | 0.8105962830 | 9 | 0.4184824586 | 16 | 0.8577482026
3 | 0.5296783241 | 10 | 0.8395743720 | 17 | 0.4209559716
4 | 0.8594612299 | 11 | 0.4646778983 | 18 | 0.8409445432
5 | 0.4167173034 | 12 | 0.8581956045 | 19 | 0.4614610237
6 | 0.8385707740 | 13 | 0.4198508858 | 20 | 0.8573758782

N
\ ~ 20
M )
_ )

50

From the graphs above, it seems that for k between 3.4 and 3.5. the terms eventually fluctuate between four values.

In the graph below, the pattern followed by the terms is 0.395, 0.832, 0.487,0.869, 0.395

..... Note that even for

k = 3.42 (as in the first graph), there are four distinct “branches; even after 1000 terms, the first and third terms in

the pattern differ by about 2 x 10, while the first and fifth terms differ by only 2 x 1010,

With po = £ and k = 3.48:

50
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4

. ) N
SOtree)! A AL e
‘:u :: . ‘: ‘ < {:.‘-
/200 —/ 200
po=05.k=37 po = 0.501, k = 3.7
; <
~ 200 —/ 200
po=0.75.k=3.9 po =0.749, k = 3.9
1
o )
: cf:' .
OL: .’; . :: ": °e ::: -/ 200

po = 0.5, k = 3.999

From the graphs, it seems that if po is changed by 0.001. the whole graph changes completely. (Note, however. that
this might be partially due to accumulated round-off error in the CAS. These graphs were generated by Maple with
100-digit accuracy, and different degrees of accuracy give different graphs.) There seem to be some some fleeting
patterns in these graphs. but on the whole they are certainly very chaotic. As k increases, the graph spreads out

vertically, with more extreme values close to 0 or 1.
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11.2 Series

1. (a) A sequence is an ordered list of numbers whereas a series is the sum of a list of numbers.

(b) A series is convergent if the sequence of partial sums is a convergent sequence. A series is divergent if it is not

convergent.

2. 3°> | an = 5 means that by adding sufficiently many terms of the series we can get as close as we like to the

number 5. In other words. it means that limn oo $n = 5, where s, is the nth partial sum. thatis, "7, a;.

Sn
—2.40000 ~N
—1.92000 ( ' {a.)

—2.01600
—1.99680
—2.00064
—1.99987
—2.00003 )

\__ Y,
—1.99999 3
—2.00000

—2.00000 From the graph and the table, it seems that the series converges to —2. In fact, it

© 0 N TR W =S

—
o)

is a geometric series witha = —2.4 and r = —é. S0 its sum is

=12 -2.4 —2.4
= 77 = 7= = —2. Note that the dot corresponding to
2. 5 " 1-(-) T T ponding

n=1
n = 1is part of both {an } and {s,}.
TI-86 Note: To graph {a,} and {s, }. set your calculator to Param mode and DrawDot mode. (DrawDot is under
GRAPH, MORE, FORMT (F3).) Now under E (t) = make the assignments: xt1=t, ytl=12/(-5)"t,
Xt2=t, yt2=sum seq(ytl,t,1,t,1). (sumand seq are under LIST, OPS (F5), MORE.) Under WIND

use1,10,1,0,10,1,-3,1,1 toobtaina graph similar to the one above. Then use TRACE (F4) to see the

values.
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Sn

AW o =[S

© 00 3 O Ot

10

0.50000
1.90000
3.60000
5.42353
7.30814
9.22706
11.16706
13.12091
15.08432
17.05462

Sn

= 3
O © 0 I O A W N

1.55741
—0.62763
—0.77018

0.38764
—2.99287
—3.28388
—2.41243
—9.21214
—9.66446
—9.01610

3

Sn

© 00 =~ O Ut A~ W N

—
=]

1.00000
1.60000
1.96000
2.17600
2.30560
2.38336
2.43002
2.45801
2.47481
2.48488

INFINITE SEQUENCES AND SERIES

{s:} -

et

J

0

11

oo
‘ 2n® —1 o
The series Z PYNRE diverges, since its terms do not approach 0.
t

\

-10

oo

The series Z tan n diverges, since its terms do not approach 0.

n=1

|

. a)

{5}

711

0

From the graph and the table, it seems that the series converges to 2.5.

In fact, it is a geometric series witha = 1l and r = 0.6. so its sum is

wn—1 __
;(0‘6) T 1-06

1

1
2/5

=2.5.
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Sn 7~ N ° . ) Y
0.64645 - {5}
0.80755 .
0.87500
0.91056
0.93196
0.94601 .
0.95581 0
0.96296
0.96838
0.97259

3

© 00 N O U R W N =

—
=)

From the graph., it seems that the series converges to 1. To find the sum, we write

i=1

1 11 11 1 1 1
“U-om)tlam gt lsm @)t " e ) T T e

So the sumis lim s, =1—0=1.

n— 00

3

Sn ' —
0.50000 e )
0.66667 L)

0.75000
0.80000
0.83333
0.85714 T {a} J
0.87500 0 B 12
0.88889
10 | 0.90000

11 | 0.90909
100 | 0.99000

© 00 N O O oW N

From the graph and the table, it seems that the series converges to 1. To find the sum, we write

Sn = Z iGi—1) Z <z 1 —.) [partial fractions]

( 1 1) 1
+ —— ] =1- =,
n—1 n n

and so the sumis lim s, =1—0=1.
n—00
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2n

2
9, li n=li = =, s n} s
(a) Jim an = lim il 3 so the sequence {an } is convergent by (11.1.1).

(b) Since hm an = % 2 £ (. the series Z an is divergent by the Test for Divergence (7).

n=1

n n
10. (a) Both 5" a; and 3" a; represent the sum of the first n terms of the sequence {an }. that is. the nth partial sum.
i=1 j=1

n
(b) 3 a; = a;j +a; + -+ a; = na;, which, in general, is not the same as Y a; = a1 + a2 + - + an.

i=1 —_— i=1
n terms
M 3+2+ ‘—; + g + - is a geometric series with first term a = 3 and common ratio r = % Since |r| = % < 1.the
series converges to T2 = 1;;/3 = 1—?3 =0.
12. % - i + % — 1+ --- is a geometric series with 7 = —2. Since |r| = 2 > 1, the series diverges.
13 -2+ 3 — 2 4+ 135 ... isa geometric series witha = —2and r = 32 = 5 Since |r| = § > 1. the series
diverges by (4).

14. 1+ 0.4+ 0.16 4+ 0.064 + - - - is a geometric series with ratio 0.4. The series converges to

wio

—a —_— — —
T—r  1-2/5

since |r| = 2 < 1.

oo
15. Z 5(%)"_1 is a geometric series witha = 5 andr = % Since |r| = 2 < 1. the series converges to

n=1
a _ 5 _ 5 _ 1k
1-r  1-2/3  1/3 15.
= (=6
16. Z T is a geometric series witha = land r = — 8 The series diverges since |r| = > 1.
n=1

= (=3)"t 1 3\ - o latde 3§ _ 8 1t
17.2——:4—12 -1 . The latter series is geometric with @ = 1 and 7 = — 3. Since Ir| =% <1L,i

n=1 n=1
4 i ies 1)(4) =1
converges to y——375y = 7- Thus. the given series converges to (4) (7) ==
18 i i i i ith rati ! Since |r| ! < 1, the series converges. Its sum is
. is a geometric series with ratior = —=. Since |r| = —= , s. Its
= (V2)n V2 V2

1 V2o V2 V2Hl _
1-1/v2 V2-1 V2-1 \/§+1_\/§(\/§+1) 242

[eS) n 0
T 1 T\"™ . . . . . T . .
— =z Y = —. ,th es diverges.
19. g pres g E (3) is a geometric series with ratio 7 3 Since |r| > 1, the series diverg
n=0 n=0
20 o~ 3 §°° €\" is a seometric series with first term 3(e/3) = e and ratio 7 = ¢ Since |r| < 1, the
D 3 & ‘ 3

3
Il
-
Il
-

n

e e
1—¢/3 3—¢€

series converges. Its sum is

) n N
21. Z —%—5 diverges since hrn a, = lim e =1 # 0. [Use (7). the Test for Divergence. ]

ne=1 n—oo 1
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22, Z =3 Z — diverges since each of its partial sums is 3 times the corresponding partial sum of the harmonic

n*l

oo oo 1
series Z % which diverges. [If Z % were to converge, then Z - would also have to converge by

n=1 n=1 n=1

Theorem 8(i).] In general, constant multiples of divergent series are divergent.

23. Using partial fractions, the partial sums are

1
2 R 1 1 1 3
2—1_n1320<1+5_n—1_n>_§'

2. Z (n+ n(n + 2 diverges by (7). the Test for Divergence, since

2
. .on+2n+1 . 1
= Jim S < i (14 g ) =140
d k2 ]{72
25. kzzz m_1 diverges by the Test for Divergence since hm a = llvnolo ol =1#0.
26. Converges. s, = Zn: - 2 = i LI (using partial fractions). The latter sum is
i +di+3 —=\it1 i+3

G-D+G-D+G-0+G-D++(F-ah) +(Fr-wks) =3+ - -2

. . = 2 (1 1 1 1
telescoping series). Thus, E B L ——— - =
( ping ) usn ln?—{~4n-}-3 nivnolo( + )

X 37 2" 3t 2" = 1\" 1/2 1/3 1 3
21. Converges. = i = = — =2
ges. ) ;( ) Z::K ) <3>J 12t t1oi3 -t =3

n=1

2 Z [(0'8)n‘1 - (0~3)n] = Z(O 8)" Z " [difference of two convergent geometric series)
n=1 n=1 n=1
_ 1 03 . 3_3
1-08 1-03" 7T

oo
23, Z V2=24+v2+ 32 + V24 diverges by the Test for Divergence since

n=1

lim an, = lim 2= lim 2" =20 =1 £,

n— oo n—oo n—oo
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30. lim a, = lim In( —— ) = lim 1 LI Y ies di
Jm an = hm mas) Asim In| 5 Yo/n) " n ;5 # 0, so the series diverges by the Test for
Divergence.
31. nan;o an = nll»nolo arctann = 7 # 0, so the series diverges by the Test for Divergence.
oo
32. Z cos 1 is a geometric series with ratio r = cos 1 & 0.540302. It converges because |r| < 1. Its sum is
k=1
cos 1
—— =~ 1.175343.
1—cosl 5343
33. The first series is a telescoping sum:
- (1 - 1 1 1 1
nzln(n+3)_; (n > ;( n+1 n+1_n+2+n+24n+3>
— (1 G 1 = 1 1
= = + _
> (w2 () R ()
1 11
= 1 — _——= —
+ 3 +
1 oo
The second series is geometric with first term - and ratio Z z; 4% =7 E/ f 71 = g Thus,
i _3 + S i ———3—— + i 5 [sum of two convergent series] = u + 5.7
Z\nm+3) ) L+ o4 & =% "3 2
34. Z <5n > diverges because Z =2 Z — diverges. (If it converged, then -2 Z — would also
n=1 n=1
. . 1 . .
converge by Theorem 8(i), but we know from Example 7 that the harmonic series Z -~ diverges.) If the given
n=1
/3, 2) 3 — 3
series converges, then the difference ,; (5; + :r_z> — T; T must converge (since nZZI = is a convergent
. — 2 . —2 . , ‘ .
geometric series) and equal Z =, but we have just seen that Z Z diverges, so the given series must also diverge.
n=1 n n=1 n
= 2 2 . . . . 1 _2/10 2
35.0.2= 10 + 102 + --- is a geometric series with a = 10 and r = 0 It converges to 1—r 1-1/10 9
%075 T3 B _73/10° 73/100 _ 73
T T102 T 104 1—1/102  99/100 99
417 417 _ 417/10° 417 3414 1138
373417_3+10 106 1—1/108  ° 7999 999 333
54 54 _ 54/10° 62 54 _ 6192 344
386254 =62+ 75+t =62+ 1-1/102 10 ' 990 990 55

INFINITE SEQUENCES AND SERIES
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—— 123 0.000456 123 456 123.333 _ 41111

3. 0.123456 = 1000 +* 170001~ 1000 T 999.000 999.000 333,000
— 6021 6021 _ 6021/10* 6021 _ 56,016 _ 6224
40.5.6021 =5+ 104 108 T 1-1/104 9999 ~ 9999 1111

oo oo
T\"™, . . . T .
4. Z ro_ Z (—) is a geometric series with r = 3 so the series converges < |r|<1 <

3

|| < 3:thatis. —3 < z < 3. In that case. the sum of the series is

<

||

— <1 &
3

z/3 x

a
1-r 1-z/3 1-z/3

3
33—z

42. 3", (z — 4)™ is a geometric series with r =  — 4. so the series converges < |r| <1 < |z — 4 <1

< 3 < z < 5. In that case, the sum of the series is

r—4 T—4

1-(z—4) 5-z

3.3 4" = Yoo o (4z)™ is a geometric series with r = 4z. so the series converges < |r|<1 &

4lz] <1 & |z| < 1. Inthat case, the sum of the series is 1

4. Z (L;f—) 1s a geometric series with r =
n=0

lt+3l<2 &
1 2

2

1-(z+3)/2 2-(z+3)

2

oo
cos" z . . N . cosz
45, E — 1s a geometric series with first term 1 and ratio r =
n=0

[cosz| 1
=2 <z
M=="=3
1 2
1—(cosz)/2 2—cosz’

1 . .
46. Because — — 0 and In is continuous. we have lim In
n

d 1 v n+1
nglln(lﬁ-g) :Zln< -

n=1

41

n—oo

n=1

— 4z’

z+3 .
580 the series converges

—5 < x < —1. For these values of z, the sum of the series is

) = Z[In(n + 1) — Inn] diverges.

rl<1 &

. S0 it converges

|z + 3

1 &
D) <

< |r| < 1. But

for all 2. Thus, the series converges for all real values of z and the sum of the series is

1
<1 + ;) =1In1 = 0. We now show that the series

Sn=(In2-1n1)+ (In3 —In2)+--- + (In(n+1) —Inn) =In(n+1) —In1 =In(n+1). Asn — oo,
$n = In(n + 1) — oo, so the series diverges.

41. After defining f, We use convert (f ,parfrac)

and Simplify in Derive to find that the general term is

1

; in Maple. Apart in Mathematica, or Expand Rational
1/4

1/4

(4n+1)(4n-3) —

4dn+1  dn—3

=+ So the
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nth partial sum is

= 1/4 1/4 1 o 1
Sn = —_ —
Z( k41T akC 3) 42(4k 3 4k+1>

k=1

S0 60 G m) e )i w)

The series converges to lim s, = %. This can be confirmed by directly computing the sum using

n—oo

sum(f,1..infinity); (in Maple), Sum[£f, {n, 1, Infinity}] (in Mathematica). or Calculus Sum

(from 1 to oo) and Simplify (in Derive).

2
48. See Exercise 47 for specific CAS commands. n_%—}_vizl = L + o1 L So the nth partial
(n2+n)®> n* n (n+1) n+tl

sum is

1
(n-{—l)2 T n+1

=14+1-

The series converges to lim s, = 2.

n—oo

49. Forn = 1, a1 = Osince s3 = 0. Forn > 1,

o =5 — _n—l_(n—l)—l_(n—l)n—(n—|—1)(n—2)_ 2
=S TSl T T T )+ 1 (n+1)n TR+
1-1/n

Also, an = lim s, = lim =
El n—oo n—oo 1+ ]_/’n

50. oy =51 =3 — 5 = 5. Forn#1.

_ -~ _ _ 9—mY _ _ _ (-] __"M™ N 1 zzg(l:ﬁ_ﬂ.:n—2
Qn = Sn — Sn—-1 = (3 n2 ) [3 (n 1)2 ] - 2n + ogn—-1 9 on on on

) . ny _ . T H .. 1
Also, Z an = lim sn = lim (3= 50) =3 because Jim o = Jim 77 =0

51. (a) The ﬁrst step in the chain occurs when the local government spends D dollars. The people who receive it spend
a fraction ¢ of those D dollars, that is, Dc dollars. Those who receive the Dec dollars spend a fraction c of it. that

is. Dc? dollars. Continuing in this way, we see that the total spending after n transactions is

Sn:D+Dc+Dc2+-~+Dc"—1:—%tcc—)by(z).
(b) hm Sp = lim D(ll—c ) _ T lim (1 —-c") = (since0<c<1l = limc"=0)
n—oo —C — C n—o© - n—00

= D (sincec+s=1) = kD (since k = 1/s)
s
Ifc=0.8.thens = 1 — ¢ = 0.2 and the multiplier is k = 1/s = 5.
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52. (a) Initially, the ball falls a distance H, then rebounds a distance rH. falls r H, rebounds r2 H., falls r2H, etc. The
total distance it travels is

H+2rH+2rH+2r°H+ - = H(1+2r +2r> +2r% + ..
1 1+7r
=H[1+2r(14+r+r*+-)] :H{l—l—Zr‘(l_r)} :H(l_—r> meters

(b) From Example 3 in Section 2.1, we know that a ball falls % gt* meters in ¢ seconds, where g is the gravitational

acceleration. Thus, a ball falls h meters in t = 1/2h/g seconds. The total travel time in seconds is
2H
,/2H+2\/—r+2\/—r2+2\/—2g£7‘3+ ‘/—[1+2\/17+2\/F2+2\/?3+'~]
2H 2H 2H 1+ /7
142 =, /2= V
Vg (H?\[[H‘[Mf " D Vg [+ f( \/F)J Vg 1-vr

(c) It will help to make a chart of the time for each descent and each rebound of the ball, together with the velocity

Just before and just after each bounce. Recall that the time in seconds needed to fall & meters is v/2h/g. The

ball hits the ground with velocity —g 1/2h/g = —+/2hg (taking the upward direction to be positive) and
rebounds with velocity kg \/2h/g = k \/2hg. taking time k v/2h/g to reach the top of its bounce, where its

velocity is 0. At that point, its height is k2h. All these results follow from the formulas for vertical motion with
d2
gravitational acceleration —g: dtg =—g9 = v= % =% —gt = y=yo+vot— %gtz.

number of time of speed before speed after time of peak
descent descent bounce bounce ascent height
1 V2H]g v2Hyg kv2Hg | k\2H/g | KH

2 2k2H /g V2k?Hg k\/2k*Hg | k\/2k*H/g k*H

3 VEEH]g | \2KHg | k\2kHg | k2K H]g | k°H

The total travel time in seconds is

2H 20 2H
Vo RS +k,/ +k21/ k2,/2H ,/£(1+2k+2k2+2k3+~-)
_ 2H 2H1+k
= 1+ 2k 1+k+k2 =,/ 142 =
\/g[ ( )] g[+k<—k>]

1-k

Another method: We could use part (b). At the top of the bounce, the height is k*h = rh. so V7 = k and the
result follows from part (b).

53. 32 ,(14+¢) ™isa geometric series with a = (1 + c)_2

andr = (1+4¢)7", so the series converges when
1
I+ <1 & [1+¢>1 o l+ec>lorl+ec<—-1 & c>00rc< —2 We calculate

-2 2
the sum of the series and set it equal to 2: (1+\C) =2 & 1 =2-2 1
1—(14¢)7! l+c 1+ec
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54,

55.

- 2 _ 2 -
1=2(14¢)*-2(14+¢) & 2c°+2c-1=0 & c= 2jil‘/ﬁ:i‘/g'l.However.thenegativerootis

inadmissible because —2 < 3%_—1 <0.Soc= 1%

The area between y = z" ' andy = z" for0 < z < lis L1

r1 n nt+171 ( n=0 )
[ a2 20 L
Jo n n+l], n n+l
_ (n+1)—n 1 n=1
nn+1)  nn+1) n=2
We can see from the diagram that as n — oo, the sum of the areas n=3
between the successive curves approaches the area of the unit /
= 1
square, that is, 1. So — =1
q ; n(n+1) —0.1 C 1.1
= J
-0.1

Let d,, be the diameter of C,,. We draw lines from the centers of
the C; to the center of D (or C), and using the Pythagorean

Theorem, we can write 12 + (1 — %dl)2 =(1+ %dl)z &

1= (1 + %dl)2 - ( — %dl)2 = 2d, (difference of squares)

= di = 3. Similarly,

1= (14 1dz)” = (1 - di — 3d2)” = 2d3 +2d1 — di — dhdz

:(Q—dl)(dl -I'-dz) =

1 (1—di)? 2 2 [1— (d1 +da))?
dp= —— —dy = ~———.1=(1+3d3)" — (1 —d —dy— 1d & dy=————%.ad
2= 54, 1 2 d, (+23) ( 1 2 23) 3 5= (i + da) an
: (1 — i di)2 :
in general, dnt1 = —TZ—;T If we actually calculate dz and d3 from the formulas above, we find that they

T Zui=1 %
are L and 1__1 respectively, so we suspect that in general, dn = _ To prove this, we use
re s = 5.5 and g5 = g respectivey: Susp general. dn = T 1) OP ‘
induction: Assume that for all k < n.dr = _1 11 Then
chom A¥ SO E PRk k+1

Z di=1- L __» (telescoping sum). Substituting this into our formula for dp41, we get
—~ n+1 n+1

]

-1 T2
dnt1 = n 21 = (7;—;12) = T 1)1(71 o) and the induction is complete.
T \n+1 n+1

Now. we observe that the partial sums Y ., d; of the diameters of the circles approach 1 as n — oo that is.

oo o0
1
n = —— __ —1, which is what we wanted to prove.
712::1 ¢ Z n(n + 1) P

n=1



56.

57.

58.

59

60.

61.

62.

63.

64.
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|CD| = bsin6, |DE| = |CD|sin6 = bsin® 6. |EF| = |DE|sin6 = bsin®0. .. .. Therefore.

> . sin @ . .. . . .
|CD| + |DE| + |EF|+ |FG|+--- = bz sin™ 0 = b<—1 — sin6> since this is a geometric series with
r =sin6 and |sinf| < 1 (because 0 < 8 < ).

The series 1 —1+1—1+1—1+4--- diverges (geometric series with 7 = —1) so we cannot say that

0=1-141-14+1-1+---.

If Z ay, is convergent, then lim a, = 0 by Theorem 6, so lim — 7é 0, and so Z — is divergent by the Test

ne1 n—oo n—o0 An n=1

for Divergence.

. n . n . n 00 . . .
YomeiCan = lim 3" ca; = lim ¢} " a; =c lim Y1 Gi = ¢y o2 an. which exists by hypothesis.
n—00 n—00 n-o0

If 3 can were convergent, then " (1/c)(can) = 3" a» would be also. by Theorem 8. But this is not the case, SO

Y ca, must diverge.

Suppose on the contrary that Y (ar, + b, ) converges. Then >_(an +bs) and }_ a, are convergent series. So by
Theorem 8. 3~ [(an + bn) — an] would also be convergent. But 3 [(a,, + bn) — an] = " by, a contradiction,

since ) by, is given to be divergent.

No. For example. take 3~ an = 3" nand " b, = 3 (—n), which both diverge. yet ) (an + bn) = 5 0, which

converges with sum 0.

The partial sums {s,} form an increasing sequence. since s, — s,,_; = an > 0 forall n. Also, the sequence {s}
is bounded since s, < 1000 for all . So by Theorem 11.1.11, the sequence of partial sums converges, that is, the

series Y an is convergent.

_ 1 1 _ fnfn+1 —fnfn—l fn+1 ‘fn—l (fn—l +fn)—fn—1
RHS = — = = —
@ B e 7 Ny v Sy A 3 A
1
N frn—1fnt+1 LHS

- 1
b
(b) Z fn 1fn+l Z (fn n fnan) [from part (a)]

= lim ':(1 _L>+(LL>+<L_L>+
n—oo [\ fifo  fafs fafs  fafa fafa  fafs
1 1
* (fn_lfn - fnan)J

B 1\ 1 1
nlﬂoo<f1f2 rfnﬂ) ——f1f2 ~0~——1.1 = 1 because f, — oo asn — oco.
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(c) nzzzz frn-ifn+1 Z (fn—lfn fnan) (as above)

n=2

Z(fn 1 fn+1>
(A () D) (8-
+<ﬁ_ fn1+1)]

. 1 1 1 1
= lim <E+};~f—n—m>:1+1—0—0:2becausefn—>ooasn—>oo.

65. (a) At the first step, only the interval (% %) (length -:15) is removed. At the second step, we remove the intervals
(%,2) and (£, 5). which have a total length of 2 - (%)2 At the third step. we remove 22 intervals, each of

length (5) . In general, at the nth step we remove 2"~ intervals, each of length (l)”. for a length of

n (3" =5(3)" ! Thus, the total length of all removed intervals is Z He ' = 1—%% =1

(geometric series with a = 5 andr = 5). Notice that at the nth step, the leftmost interval that is removed is
((3)™,(2)™). so we never remove 0, and 0 is in the Cantor set. Also. the rightmost interval removed is

(1- (3)",1- (7) ). s0 1 is never removed. Some other numbers in the Cantor set are 3. 2, 3.3, Z.and 3.

(b) The area removed at the first step is §: at the second step. 8 - (%)2; at the third step, (8)” - (é)a. In general, the

area removed at the nth step is (8)" ' (3)" = $(3)"~ ! 5o the total area of all removed squares is

Sa(s) -

n=1

o @ o |1 2 4 1 [ 1 1000
a |2 3 1 4 1000 1
as | 15 2.5 2.5 2.5 5005 | 500.5
w |15 |27 |15 |32 750.25 | 250.75
e | 1625 | 2625 |2125 | 2875 | 625375 | 375625

ae 1.6875 2.6875 1.9375 3.0625 687.813 313.188
ar 1.65625 | 2.65625 | 2.03125 | 2.96875 656.594 344.406
as 1.67188 | 2.67188 | 1.98438 | 3.01563 672.203 328.797
ag 1.66406 | 2.66406 | 2.00781 | 2.99219 664.398 336.602
a0 | 1.66797 | 2.66797 | 1.99609 | 3.00391 668.301 332.699
a1 | 1.66602 | 2.66602 | 2.00195 | 2.99805 666.350 334.650
als | 1.66699 | 2.66699 | 1.99902 | 3.00098 667.325 333.675

The limits seem to be 5 8 9 3 667, and 334. Note that the limits appear to be * ‘weighted” more toward az. In
a1 + 2a2

general, we guess that the limit is 3
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1 _ 171 _
(b) On+1 — Gn = %(an + an—l) —Qn = _§(an - an—l) =3 [§(an—1 + an—2) an—l]
1\n—1
=—3[3@n1—an2)] == (=3)" (@2 -a)
Note that we have used the formula ax = %(akﬂ + ak—2) a total of n — 1 times in this calculation, once for
each k between 3 and n + 1. Now we can write

an=a1+ (a2 —a1) + (a3 —az2) + - + (@n—1 — an-2) + (an — @n-1)

n- n— k—1
=+ i (e —an) = +Zk:11(_%) (a2 —a1)

and so
lim an = a1 + (a2 — a1) 232, (~3)* ]—a1+(a2—a1)[ﬁm]
2
=1+ 3 - ) = A2
x n 1 1 1 2 5 5 3 23
67'(3)F0rn2::1(n+1)!'81_1—~2_5’82_5+1~2~3_6‘Sdb6+1-2~3‘4_24‘
1HI-1
sS4 = 3—2 + ﬁ—s) = %% The denominators are (n + 1)!, so a guess would be s,, = %l—
I— . E+1) -1
(b) Forn=1,s, = % = 2 o 1. so the formula holds for n = 1. Assume s = % Then
(k+1)!=1  k+1  (k+1)—1 k+1
Sk+1 = =

G0l TEED T kR T GIDGTY

_ k) - (k+2)+k+1  (k+2)!-1
B (k + 2)! T (k+2)!

Thus, the formula is true forn = k + 1. So by induction. the guess is correct.

. _ o (D1 1
(C)nh—{gosn—nl}»ngow_nlggo 1—m landSOZm 1.

Let r1 = radius of the large circle, 7o = radius of next circle,
and so on. From the figure we have Z/BAC = 60° and
cos60° = r,/|AB|,so |AB| = 2ry and |DB| = 2r,.
Therefore. 2r1 =71 + 1o+ 2rp =7 +3r, =

r1 = 3r2. In general, we have 7,1 = érn. so the total area

is

A:7r'rf+37rr§+37rr§+--~

1 1 1
=7nr] +37rr2<1+32 +§—+3—6+--~)

2

2 2 1 2
=7nry + 3nr; - T=is =71+ %wrz

Since the sides of the triangle have length 1. |[BC| = 3 and tan 30° = Thus, rp = 22 S0 1 =

/2 2 23

2
T2 \/— s0 A = W(Q\/—) + %(ﬁ) =5+5H= 11" . The area of the triangle is —‘? so the circles

occupy about 83.1% of the area of the triangle.
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11.3 The Integral Test and Estimates of Sums

1. The picture shows that az = / — d=. Y
o
a3 = 31 Yl / dm and so on, so Z /1 213 dx. The
="
integral converges by (7.8.2) with p = 1.3 > 1, so the series converges.
0
2. From the first figure, we see that y y = flx) Y

[7 f(z)dz < 3°°_, a,. From the second

figure, we see that

Z? g0 < jl z) dz. Thus, we have

Z? 2a,<f1 z)dz < Y°_, ai.

0

3. The function f(z) = 1/z* is continuous, positive, and decreasing on [1, 00), so the Integral Test applies.

[} t -3t
- . . 1 .. .
/1 —dz = lim ¢ *de = lim [m_?)} = lim <—3—13 + %) =3 Since this improper integral is

;L‘ t—oo | 1 t—o0 — 1 t—oo
oo
. 1.
convergent, the series E —; is also convergent by the Integral Test.
n
n=1

4, The function f(z) = 1/v/x = 2~ /4 is continuous, positive. and decreasing on [1, 00). so the Integral Test applies.
p g

t
[ 2™ *dz = lim [z de = Jim [§m3/4] = lim (‘—ét3/4 - ‘—;) = 00,50 Yoo, 1/+/n diverges.
1

t—o0 t—o0

5. The function f(z) = 1/(3x + 1) is continuous, positive. and decreasing on [1,00). so the Integral Test applies.

* dx . * dx .1 1
= = = —_ = 4 =
/1 3z +1 bhlrolo/l 3z +1 lim [31n(32+ 1)] bllI»go [31n(3b+1) = 5ln ]
so the improper integral diverges. and so does the series Yoo 1/(3n+1).

6. The function f(z) = e~< is continuous, positive. and decreasing on [1, 00), so the Integral Test applies.
- . - . b . - - - -
S e " dz = lim Jle " da = Jim [—e7], = Jim (et +e7t) = e 'iso 3 0, e " converges. Note:
This is a geometric series, with first term a = e~ ! andratior = e~ 1. Since |r| < 1. the series converges to
e /1 —-e ) =1/(e—1).
7. f(z) = ze™? is continuous and positive on [1,00). f'(z) = —ze " +e * = e ®(1—x) <0forz > 150 fis
decreasing on [1, 00). Thus, the Integral Test applies.

[ ze " dz = hrn fl ze *dx = lim [—ze™® — e”]i (by parts)

b—oo

= lim [fbe_b —et4e! +e'1] =2/e

b—oo

since lim be™® = lim (b/e”) Z Jim (1/€*) =0and lim e ® = 0. Thus. > o> , ne™ ™ converges.
b—00 b— o0 b—oo b—oo
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2 1
8. The function f(z) = rhe_ 1+ pon

1 is continuous, positive, and decreasing on [1, 00), so the
z

Integral Test applies.

t
/ f(z)dz = hm <1+m—}_—1>d$: lim [z 4 In(z + 1)]} :'tlim (t+In(t+1)—1-1n2) =o0.s0
1 t—o00 —00

+2 1s divergent. NOTE: lim L

+2 . .
= 1, so the given series
n—ocon+ 1

/ z 1 dz is divergent and the series Z
1z

diverges by the Test for Divergence.

2
9. The series Z is a p-series with p = 0.85 < 1, so it diverges by (1). Therefore, the series Z 5 must

nl nl

also diverge, for if it converged, then Z 1 = would have to converge (by Theorem 8(i) in Section 11.2).

n= 1
(e o] oo o0
10. Z n~ % and Z n~ 12 are p-series with p > 1, so they converge by (1). Thus, Z 3n"12 converges by Theorem
n=1 n=1 n=1

8(i) in Section 11.2. It follows from Theorem 8(ii) that the given series Z(n‘“ + 3n_1'2) also converges.

n=1

1 — 1

1.1 = —3- This is a p-series with p = i
+ = 3 + 27 + = 6 Z:: 3 This is a p-series withp = 3 > 1, s0 it converges by (1).

12. 1+_+—-+L+ ! i——i ! . This is a p-series with p = 2 > 1, so it

22 33 WA 5T B 2

converges by (1).
—92 © 1 x 1

13. 21 - \/_ Z . Z e by Theorem 11.2.8, since Z — and Z 5 both converge by (1)

(withp =3 > landp = 2 > 1). Thus, ) #ﬁ converges.
n

n=1

. 5 . . .
14. The function f(z) = 73 IS continuous, positive. and decreasing on [3, 00), so we can apply the Integral Test.

TS o= gim [ 5 i 5=1li -
s z—2 07 2dw=tll'r£1°[5ln(x—2)]3:tli)r&[Sln(t—Z)—O]z ’ ‘ n—

t— oo 3 xTr —

diverges.

. 1 . . .
15. The function f(z) = o 1$ continuous, positive, and decreasing on [1, 00), so we can apply the Integral Test.

oo 1 t 1 1 t 1
———dz = li = lim |=tan ' %] =2 -1t -1(1
J et [ Jim |5 an ;| =3 f1an (5) - (3

oo
1
Therefore, the series Z
2
- n°+ 4

converges.
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16. The function f(z) =

17.

18.

19.

20.

21.

3z + 2 2 . ) )
—z(w oy =7 + 1 [by partial fractions] is continuous, positive, and decreasing on

[1, 00) since it is the sum of two such functions. Thus., we can apply the Integral Test.

/°° 3242 ‘12 1 _ .
. 2@+ ) T = m ) ;+m+1 dx:tgr&[2lnm+ln($+l)]l

= tlirgo[2lnt+ In(t+ 1) —In2] = o0

(oo}
Thus, the series Z diverges.
n

Snt+ 2
— n(n+ 1)

f(z) = xzx 1 is continuous and positive on [1, c0), and since
, 1 —z?
fi(z) = @ 2 1) < 0O forz > 1., f is also decreasing. Using the Integral Test.
o0 "t
x z . In(z® + 1) .
/1 o dz = 1‘ll'nolo/l 211 dz = tli>no]o [——2——] 1 5 lim [ln(t + 1) — In2] = oo. so the series
diverges.

1

The function f(z) = —— P (z—2)02+1

is continuous, positive. and decreasing on [2, 00). so the

: °° [t ¢ 1
Integral Test applies. /2 flz)dx = tll>nolo/ f(x)dx = li_{n /2 G:—_—2)—2—+—1 dz = tl_igxo[tan_l(m —2))5 =
: -1 1y _ T T .
tl_lglo [tan™'(t — 2) —tan~ 0] = 5 0= 2 . so the series z 4 o converges. Of course this means
that Z 4 S an+s converges too.

z) = ze~®" is continuous and positive on [1,00). and since fl(z)= e (1 —22?) < 0 for
p

x > 1. f is decreasing as well. Thus. we can use the Integral Test.

2 27t . . .
floo ze ® dzr = lim [—%e'z ] =0— (- %e'l) = 1/(2e€). Since the integral converges, the series converges.
t—oo 1

1-2Inz

3 < 0 for £ > 2. so f is decreasing.
x

flz) = __m is continuous and positive for z > 2, and fl(z) =

1 1 1 1 = 1
/2 E dr = lim [—HTI - ;} [by parts] = 1. Thus, Z nn Z::Q _5711 converges by the Integral Test.

:E t—o00
n=1

1+Inzx

is continuous and positive on [2, 00), and also decreasing since fl(z) = —m < 0forx > 2,

f@) = =

oo

so we can use the Integral Test. / o dz = tlim [In(lnz)]s = hm [In(Int) — In(In 2)] = co. so the series
2 nr — 00

diverges.
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22. The function f(x) = ——— is positive, continuous. and decreasing on [1, o). [Note that

x4 +
4 4 4
py= T F1-dz  1-3z < 0on [1,00).] Thus, we can apply the Integral Test.
fi(z) = (x4 +1)2 - (% +1)2 [1,00)]

oo t 12 T _ _
/ 4:3_1 dz = lim / I—Q(—x)—z dz = lim [% tan_l(:cz)} =3 lim [tan™"(£*) — tan™" 1]
1 X 1

t—o0

t— oo + (:1:2) t—oo 1
— l(" _ E) _T
“2\2 4/ 7 8
so the series i n converges
S0 eserlsn_l " ges.
23. The function f(z) = o is continuous. positive, and decreasing on [1, c0), so the Integral Test applies. We use
34z

partial fractions to evaluate the integral:

t

Tl e tim ([ e = tim e — 2 ln(1 +2%)
/1 :E3+,’Ij x_tiolo 1 T 1+.’172 _t—voo 2 1

lim [ln x

t
t 1
——| =lm (Ih——-In—
toroo \/1+z2J1 Hoo( Vit \/§>

I

lim = 1 In2

1 1
111“"-*1“2
t—»oo( 1/]_.*.]_/t2 2 ) 2

Il

= 1
so the series E —5—— converges.
T n +n
n=

2. f(z) = 1 is positive and continuous on [3, 00). and is decreasing since z, In z. and In(In z) are all
zlnzIn(lnz)
increasing; so we can apply the Integral Test. /3 x_hlxlframe) = tlir& [In(In(ln z))]g = oo. The integral

diverges, so > 1

n=3 nInnin(lnn) diverges.

25. We have already shown (in Exercise 21) that when p = 1 the series > T)p diverges, so assume that p # 1.
n=2 N{INN

1 . ..
f(z) = a:(Tx)P is continuous and positive on [2, o). and fl(z) = _ﬁzzp(lj;alvr)lil <0ifz > e7P, so that f is

eventually decreasing and we can use the Integral Test.

© o [(nz)?)! _ o [P @n2)t-r
/2 mdfcathm [ﬁ:, (fOI‘p#l) —tllm [ 1 :l‘

— 00 5 —00 —p 1-p

This limit exists whenever 1 — p<0 & p> 1. sothe series converges for p > 1.

(e}
26. As in Exercise 24. we can apply the Integral Test. / L— = lim [
3

(Inln z)~P*!
zlnz (Inlnz)? 5

t
(forp # 1;if
-p+1 Js

—p+1
p = 1 see Exercise 24) and lim (IHIL
t

exists whenever — 1<0 1, s0 i
—oo  —p+1 p+1< < p > 1,50 the series converges

forp > 1.
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21.

28.

29.

30.

3.

Clearly the series cannot converge if p > — 2. because then lim n(1 4 n?)P # 0. Also. if p = —1 the series
n—00

diverges (see Exercise 17). So assume p < —1.p # —1. Then f(x) = z(1 + z?)P is continuous,
positive, and eventually decreasing on [1, 00), and we can use the Integral Test.
1 (1 +m2)P+1 t B 1 (1+t2)17+1 oP
T t—o0 2 p+1  p+1

oo 9 )
/1 z(1 4+ z°)Pdz = lim . This limit exists and is finite

t—o0

2 p+1
& p+1<0 & p< —1.sothe series converges whenever p < —1.

. Inn L Inz
Ifp <0, nhn;@ el oo and the series diverges, so assume p > 0. f(z) = — is positive and continuous and
- x

f'(z) <0 forz > e'/? so f is eventually decreasing and we can use the Integral Test. Integration by parts gives

*Inz . ' P[(1 —p)lnz — 1] ¢ B 1 1—
/1 zpd tlngo[ 1= p? L (forp # 1) —(1—_;)—2[13&4‘, p[(l—p)lnt—l]—#l},

which exists whenever 1 — p < 0 < p> 1. Since we have already done the case p = 1 in Exercise 25 (set

p = —1 in that exercise), Z — converges & p> 1.
npP

n=1
Since this is a p-series with p = z, {(z) is defined when = > 1. Unless specified otherwise, the domain of a
function f is the set of numbers x such that the expression for f(z) makes sense and defines a real number. So. in

the case of a series. it's the set of numbers z such that the series is convergent.

(a) f(z) = 1/z* is positive and continuous and f'( ) = —4/2° is negative for > 0, and so the Integral
. x 1 1
Test applies. nz'::l v ~swo =5+ ? + — 3 4+ 4 108 ™ 1.082037.

1 , 17 , 1 1 1
Ry < /10 povs dz = tl_l..rf,lo [_31‘3} . = tli»ngo(—f;? + :—3-(1—0)§> 3000° . 50 the error is at most 0.0003.

oo

© 1 1 1 1
3 — —— <s< i
(b)510+/ d£<s<810+/10 povs dr = 510+3( )3 <s< s+ (10)3
1.082037 + 0.000250 = 1.082287 < s < 1.082037 + 0. 000333 = 1.082370, so we get s =~ 1.08233 with

error < 0.00005.

1 1 1 3 5
— dz = — 3n® > 10° =
(c) Rn S/n o dr = 3 735 S0 Rn < 0.00001 = pwe < 105 = 3n
n> ¥/(10)5/3 ~ 32.2, that is, for n > 32.
2 . L
(a) f(z) = l is positive and continuous and fl(z) = - is negative for z > 0, and so the Integral
o& 1 1 1 1 1
Test applies. Y —3 N 510 =33 tta tot1E © 1.549768.

n=

| -11 , 11 1 .
Rio < —dz = lim |— — lim [ == + — )} = —. so the error is at most 0.1.
s tmoo | T |, t—o® t 10 10
(b) s10 + z—dIS-SSSlO"' m—dw = s+ <s<swtip =
10
1. 549768 +0.090909 = 1.640677 < s < 1. 549768 + 0.1 = 1.649768, so we get s = 1.64522 (the average of
1.640677 and 1.649768) with error < 0.005 (the maximum of 1. 649768 — 1.64522 and 1.64522 — 1.640677,
rounded up).

< 001d*ISR<0001f —1—®n>1000
(c)Rng/ = = o R, i 1000 .

n
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f(z) = 1/a® is positive and continuous and f'(z) = —5/z° is negative for z > 0, and so the Integral Test applies.
oo _ t
Using (3), R, < 2z %dz = lim -1 = L If we take n = 5, then s5 =~ 1.036662 and Rs < 0.0004.
’ “Jn t—oo 4zt |~ 4nt

So s &~ s5 ~ 1.037.

f(x) = 2~%? is positive and continuous and f'(z) = —225/2 is negative for z > 0, so the Integral Test applies.
From the end of Example 6, we see that the error is at most half the length of the interval. From (3), the interval is

(sn + foir F@) dz, s + [ f(z) dw), soits lengthis [ f(z) dz — [ f(z)dx = f:“ f(z) dz. Thus, we

need n such that

n+l —21™ 1 1
0.01>1/ e 32 gp - L[ 22 - _
2/, ARV vnoooV/ntl

< n > 13.08 (use a graphing calculator to solve 1/v/z — 1/y/z + 1 < 0.01). Again from the end of Example 6,
we approximate s by the midpoint of this interval. In general, the midpoint is

L [(sn + [0 (@) ) + (sn +f:°f(x)dx)] =8y + %(f:j_lf z)dz + [ f( x)dm) So using n = 14,

we have s ~ s14 + %(f&o N dm) ~ 2.0872+ = + —= ~ 2.6127 &~ 2.61. Any larger
; 3 ~ Lo 1

value of n will also work. For instance, s &~ s3o + 75 + Vol 2.6124.

1 2
f(z) = ( e is positive and continuous and f(z) = _;I;(TT—;)?* is negative for - > 1, so the Integral Test
. . o dx . -1 E 1 .. 100
applies. Using (2), we need 0.01 > ———3 = lim [——| = —— Thisis true forn > €%, so we would
» z(lnz) twoo|Inz|  Inn

have to take this many terms, which would be problematic because 1% ~ 2.7 x 10%3.

_ 1 . . .
Z n 1001 = Z ~Toor 182 convergent p-series with p = 1.001 > 1. Using (2), we get

n=1 n=1

® _1o01 g 00017 1 7 1 1000
< L _ _ . _ _ _
R, < /n z dx th_p;lo [—O OOIJ 1000th_{f)10 [xo.om} ) = 1000( —no.om) = 5001 We want

1000 _ 0. 1000
0001<5X10 = 71001>5><“10_9

n > (2% 101) %0 = 21000 5 1911000 4 g g7 0 101 1911000 _ § g7 o qorLd0L

R, < 0.000000005 <

Inz\? -
(a) f(z) = (—?) is continuous and positive for z > 1, and since fi(z) = M < Oforz > e, we
z3

oo 2
can apply the Integral Test. Using a CAS, we get / < ln—$> dz = 2, so the series also converges.
1 z

oo p 2 2
(b) Since the Integral Test applies, the error in s ~ snis R, < / (ln_x;) dr = (Inn)” +2lnn+ 2.
n z n

(Inz)’ 4 2Inz +2
z

(¢) By graphing the functions y; = and y2 = 0.05, we see that y; < y2 forn > 1373.

(d) Using the CAS to sum the first 1373 terms, we get s1373 ~ 1.94.
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31. (a) From the figure. az + as + - - - + an < [ f(z) dz, so with y
1111, 1 fr
f(ﬂn)—gc,2+3+4+~-+;s/1 = dz = lnn. Thos,
S "1+1+1+1+ 1<1 1
n = 2 3 4 "+n_ + Inn.
0

(b) By part (a), s106 < 1+ 1n10° ~ 14.82 < 15and s399 < 1+1n10° ~ 21.72 < 22.

38. (a) The sum of the areas of the n rectangles in the graph to the right is y
11 1 "t .
1+-+4+-+-+—. Now — is less than this sum because
2 3 n 1 T

the rectangles extend above the curve y = 1/, so

mH 11 1
/ ~dz=In(n+1)<1+ =+ +---+ —,andsince
1 T 2 3 n

11 1 0
Inn<hhn+1),0<14+-+2+ - +=-—Inn=tn
2 3 n
(b) The area under f(z) = 1/z betweenz = nandz =n+1is y
1
g . Y=x
o= In(n + 1) — Inn, and this is clearly greater than the /
area of the inscribed rectangle in the figure to the right 0 n n+l  x

[which is n—1|—1}’ $0tn —tny1 = [In(n+1) —Inn] — 7—1—_1{_—1 >0,

and $0 £, > tny1. 50 {tn} is a decreasing sequence.

(c) We have shown that {t, } is decreasing and that tn, > 0 for all n. Thus, 0 < tn < t1 = 1,50 {tn} is a bounded
monotonic sequence, and hence converges by Theorem 11.1.1L

39. b = (e B)In™ = (el myInt — b = n_lln - This is a p-series, which converges for all b such that — Inb>1

o Inb<—-1 & b<e! & b<1l/e[withd>0]

11.4 The Comparison Tests

1. (a) We cannot say anything about Y an. If an, > by, forall n and 3" b, is convergent, then > an could be
convergent or divergent. (See the note after Example 2.)

() If an, < by, for all n, then 3~ an is convergent. [This is part (i) of the Comparison Test.]

2. (a) If a, > by, for all n, then Y an is divergent. [This is part (ii) of the Comparison Test.}

(b) We cannot say anything about 3 an. If an < b for all n.and Y by, is divergent, then 3 an could be
convergent or divergent.
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1 1 . Lo xR 1 .
_— > ———— converges by comparison with —, which converges
S B T 5 forall n 1S°2n2+ | ges by comp nz=:1n2

because it is a p-series withp = 2 > 1.

x 2 x 1 .
2 for alln > 1,s0 Z 2 7 converges by comparison with 3 — =2 3~ e which converges
n=1

7L3+4 + n=1"M

10.

1.

12.

13.

because it is a constant multiple of a convergent p-series (p = 3 > 1).

5 5 . xR 5 > 1 .
>1, nverges by comparison with — =5 —, which converges
7337 < gn foralln =150 nZI 9 4 gn COnVErEes by comp P X3
because E —1— is a convergent geometric series with r = 1 (|r| < 1).
n= 1
1 1 . . . . . . .
- for allm > 2, s0 diverges by comparison with the divergent (partial) harmonic series
n— \/ﬁ " nz_:z n—+/n ges by p
X1
Do
ntl >0 = 1 forallm > 1,50 } ntl diverges by comparison with the harmonic series > o=
n? n? n =ion nsin
4+3" 3" 3\" 443" . . . ——
o > =13 foralln > 1, so Z o diverges by comparison with the divergent geometric series
3\
Z:.o:l (5) )
cos’n < — 1 1 so the series Z ] converges by comparison with the p-series i 1
n2+1_n2+1 n2’ ges by P P :n2
(p=2>1).
2 2 2 o 2
n°—1 n n 11 n°—1 1
Ea— < 11 < 3 = 32 2 Eraney converges by comparison with Z 32 which converges

n=1
because it is a constant multiple of a convergent p-series (p = 2 > 1). The terms of the given series are positive for
n > 1, which is good enough.

2 3 2 2
n®+1 1 an n°+n . 14+1/n X n"+1 .
Ifa, = == Gn _ ttim
In =5 and b, - , then nler;o " nl_’nolo 1 nILn;O = 1/n? 1,50 n{:z - diverges by

o0
the Limit Comparison Test with the divergent (partial) harmonic series > l
n=2T
2 2 2
1 1
n° + S n + n 1

Or: Since a,, = w1 > e e bn, we could use the Comparison Test.

1+sinn ad 1\" . . . .
*1 on Ton 0" and Z Tom = Z ( 1—0> » 80 the given series converges by comparison with a constant

multiple of a convergent geometric series.

n—1. . n—1 n 1 n—1
S positive fi — = — 5 —_— i i
4 1S positive for n > 1 and oy < mar = g% 2_:1 dn converges by comparison with the convergent
geometric series 3 1 i
E 1)

n=1
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14.

15.

16.

11.

18.

19.

20.

21.

22,

/a

n\/—_1>%:ﬁ Z

dlverges by comparison with the divergent (partial) p-series Z —_

(p=3<1)
2+ (-1) 3 -
— < ok and Z m converges because it is a constant multiple of the convergent p-series
= 1
Z — (p = % > 1), so the given series converges by the Comparison Test.

1 L _ 1 L b N &1
m—l = TL3/2 , SO Z \/n3—_+__1 converges by comparison with the convergem p-series Z ;{3/—2

n? n=1 n=1
(p=3%>1)
Use the Limit Comparison Test with an = L and b, = —
n?+1
lim an lim n lim ! 1 > 0. Since the harmonic series Z ! diverges, so d
= = —_— = —_— = . 2 i = diverges. so does

n—oo by n—oo 4/n2 + 1 n—oo /1 + (1/77.2) —n g
> o=
= vn?+ 1

.. . . 1 1
Use the Limit Comparison Test with an = and b, = —

2n+ 3 n

lim 9n _ lim " _ lim _ 1 > 0. Since the harmonic series i 1 diverges, so does
n—oo by T oo 2n+3 n—~0°2+(3/n) ) ’ —on ges.

=1
;2n+3

g on [9\" = [2\". L . %
<==1Z]. 2\ isaconvergent geometric series (|r| = 5 < 1).s0
1+3 3 (3) nz;:l<3> gen g (Il =3 ) nX::ll

the Comparison Test.

n

converges by

. . . 142" 2" . an (1/2)" +1 .
i = =2 . lim -2 = lim +—‘-5%—— =1>0. Since
Use the Limit Comparison Test with an = T+3n and bn 3 im b, n im /37 +1
o] o0 2"1
Y by converges (geometric series with Ir|=2<1), 3 also converges.
n=1 n=1 1+ 3"
. 1 1 .. an . N .
Use the Limit Comparison Test with an 1T v and b, NG nh_’rr;o b nh_r’réO T+ vn > 0. Since
x 1 . . . 1 & ;
_—_ is a divergent p-series (p = 5 < 1), also diverges
ngl n gemp ®=3 ) nzzzl 14++/n
. . . n+2 1
Use the Limit Comparison Test with a, = m and b, = ok
2 14+ 2 .
lim & = lim M = lim ——+—"§ =1 > 0. Since Z % is a convergent (partial) p-series
b T TR e (1 ) =10
n+2

(p = 2 > 1), the series Z ———)- also converges.
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25.

26.
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imi i ith _—_5+2n and b _ 1L
Use the Limit Comparison Test with a,, = 3 n2)? n =g
3 3 5 +2 > 1
a . n°(5+2n) . sm®+2nt 1/t n —9>0Si 2isa
im = = _— /] ‘ = lim —2—— =2 > 0. Since 1s
b T A T A Tt TR A (& +1) ; :
oo
. . 54 2n
convergent p-series (p = 3 > 1), the series ngl m also converges.
2 3 _5n? 1-5/n
n° —5n 1 . Qn n’ —on . _
_ - - — = lim ———— = lim ————~— — =1>0,s0
Ifa, = n3+ 1 and b, n,thennlgr;o b nl»oon3+n+1 n=oo 1+ 1/n2 + 1/n3
0o TL2 _ 1
—5———— diverges by the Limit Comparison Test with the divergent harmonic series Z —. (Note that
-1nd+n+ 1 n=1T
an > 0forn > 6.)
2
1
If an = -2 and b, = L then
Sitmiims n
o 1 n2
lim 22 — l' n+n?+n’ l' 1/’ +1/n+1 “1>O soz +n:— = diverges by the
n—oo by 0 T4+n2+nb n—co/1/n 1 1/nd + 1V1+n2+
1
Limit Comparison Test with the divergent harmonic series Z o
n=1
n+5 _.n _n 1
Ifa, = mandbnﬁ 3n7 = 11_7/—3— = m‘then‘
an n/® 4 5nt/3 /3 1+5/n
lim — = lim +——= = lim 73
n—oo b, nSoco (n? +n2)1/3 n=7/3  noco [(n? +n2) /n7] /
1 140
= lim +5/n1/3: +1/3=1>0,
n— (14 1/nf) (1+0)
X n+5
SO /= converges by the Limit Comparison Test with the convergent p-series .
B T comerees by Peri gentp ,24/312
Use the Limit Comparison Test with a,, = (1 + -) e™andb, = e ™ lim & = lim <1 + —) =1>0.
n n—oo Op n—o00 n
oo 1 2
Si = — t t = < 1), the seri 1+ =) e "al
ince Z e” nz:l is a convergent geometric series (|r| = 1 < ). the series ;::1 ( + n) e " also
converges.
- . . 2n?
Use the Limit Comparison Test with a,, = PW(TZZL-F\-;:%—D and b,, = 3%
lim & — lim 2n” + Tn =2 > 0, and since Z bn is a convergent geometric series (rj=3 <1
n—oo by m—oon? 45— 1 2 On gent g series (|r| = 3 .
> 207 + Tn converges also
n=13"(n%+5n —1) verges also.
n—1 1 1 & 1 .
Clearly n! =n(n - 1)(n —2)---(3)(2) >2-2.2.....2.9—9 150 — < 5T > n_7 IS @ convergent
: n=1
. . > 1
geometric series (|r| = % <1).so Y} o converges by the Comparison Test.
n=1 1t
n! 1.2.3..... (n—1n _1 2 2 >
= = <=Z.Z2.1. > il =
o o o <n o 1-1-----1forn 2sosmceZ 5 converges (p = 2 > 1), Z

converges also by the Comparison Test.
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. Clearly. if p < O then the series diverges, since 111
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) - . . 1
. Use the Limit Comparison Test with a, = sin (E) and b, = l Then > a, and } by, are series with positive
n
. Gn . sin(1/n . sinf
terms and 711520 b = nango _i_/n_) = 3‘1% 5 = =1> 0. Since Y >, by is the divergent harmonic series,

Y- ,sin(1/n) also diverges. (Note that we could also use 1'Hospital’s Rule to evaluate the limit:

cos(1/z) - (—1/z?)

. sin(1/z) uw . . 1
IlLII;O e 21-1—{20 Yy = zlingo cos p =cos0=1.)
. . . 1 a 1
Use the Limit Comparison Test with a, = == = — L im — =
parison Test with a ¥ and b, = e nh—>nolobn nll»ngo n1+1/ nh_’n;o = 1
(since zll»nolo z!/® = 1 by I’Hospital’s Rule), so 21 = diverges (harmonic series) = Z —lew diverges.
10 1 1 1 1 1 1 . .
7;1 e + 20 + 9— -+ 10100 ~ 0.567975. Now Py < 350 using the reasoning and
1 * dx . z737" 1 _
notation of Example 5, the error is Rio < T10 = Z — < — = lim |-=—| = 7= =0.0003.
nsiint T Jip @t toee 10 3000
10 14cosn 1+4+cos2 14cos3 1+ cos 10 1+ cosn 2
————— =1+cosl R deh PV ) l4cosn _ 2
X 051+ ===+t + Tgoopp ~ 1O09TE Now TTe S ngeso
as in Example 5, R1o < T10 < / ldm =2 lim [—i—a:_‘l]t = 0.00005.
10 *° t—eo 10
120: ! -l+l+1+ +—1— 0.76352. Now ! <1 so th
212" 37579 1025 T on < gu» S0 theeroris
Rig <Tiyo = § L —ﬂi— (geometric series) == 0.00098
h TS 1-1/2 & o -
10 n 1 2 3 10 n n 1
1. 2,9 L ~ 0.283597. N = i
L mrre 6t T8 T G053 83507, Now yan < ign — g SO theemors
x 1 1/3"
Rio <Tiwo = — = ~ 0.0000085.
w<sho= 2, 37 1-1/3
dn 9 9
Since — < —— for each n, and since Z —~_ is a convergent geometric series (|r| = 0 <1,
10m 10 a=p 107
0.did2d3 ... = Z %i(;—n will always converge by the Comparison Test.
n=1

=o00. f0<p<1 thennPlnn <nlnn =

oo’nln

1

e and dlver es (Exercise 11.3.21), so diver es. If p > 1, use the Limit
nPlnn — nlnn Z ges ( ) Z 8 P
. . 1 X . Gn 1
Comparison Test with an = and b, = —. > by converges, and lim -— = lim — =0, s0
nPlnn nP ;=9 n—o0 by, n—oo Inn
> also converges. (Or use the Comparison Test, since n? Inn > n? forn > e.) In summary, the series

i nPlnn
converges if and only if p > 1.

Since 3 an converges, lim an = 0, so there exists N such that |an — 0l<1iforalln>N = 0<an <1
n—o0

foralln>N = 0< a2 <an. Since) an converges, so does S a2 by the Comparison Test.
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40. (2) Since lim (an/bn) = 0, there is a number N > 0 such that |a, /b, — 0| < 1foralln > N, and s0 an < by

since an, and b,, are positive. Thus, since ) b, converges, so does Y a,, by the Comparison Test.
o 1e Inn 1 an Inn .. Inzn 1 / —0 X Inn
(b) () Ifa, = -5 and b, = 3 , then nh_)nolo b = nl_’°c> = ml_l*rrgo e z_’oo , SO n2=:1 —

converges by part (a).
Inn

Vnen

1
Gi) If a,, = and b,, = ey then

2

a . .

lim = = lim = lim — lim — =0

Now }_ by, is a convergent geometric series with ratio r = 1/e (|r| < 1),50 Y an converges by part (a).

41. (a) Since lim Z—" = 00, there is an integer N such that b— > 1 whenevern > N. (Take M =1 in

Definition 11.1.5.) Then a, > b, whenever n > N and since S by, is divergent, > an is also divergent by the
Comparison Test.

1
(b) () Ifa, = L and b, = = forn > 2, then
Inn n

n . 1 1
nll»II(:o a—n = nlirgo Knn- = zlggo ﬁ = a:li»n(}o U—x = Ilgrgoz = 00, so by part (a), n22 o is divergent.

3i) Ifa, = In_n and b, = l then Z b, is the divergent harmonic series and
n n =

o0
lim 2% = lim Inn = lim Inz = 0,50 Y an diverges by part (a).

n— 00 n n—o0 —00

4. Leta, = n_12 and b, = 1 . Then lim %% = lim 1 = = 0.but ) b, diverges while 3" a,, converges.

n—oo n n—oo N

1
4. lim na, = lim —, so we apply the Limit Comparison Test with b,, . Since lim nan > 0 we know that

n— o0 n—oo 1/

:3

either both series converge or both series diverge, and we also know that Z — dlverges (p-series with p = 1).

Therefore, ) an must be divergent.

44. First we observe that, by I"Hospital’s Rule, lim M = lim 1 = 1. Also, if )" a,, converges, then

T z—01+ 2
hm an = 0 by Theorem 11.2.6. Therefore, lim -—(1+—a") = lim 1 M =1 > 0. We are given that
n—o00 Qan T—

>~ an is convergent and a,, > 0. Thus, >_In(1+ a,) is convergent by the lelt Comparison Test.

45. Yes. Since Y an isa convergent series with positive terms, lim a,, = 0 by Theorem 11.2.6, and
n—oo

Y bn =" sin(ay) is a series with positive terms (for large enough n). We have

. b . sin(an .

hrr;o a—" = nhn;o L = 1> 0 by Theorem 3.4.2. Thus, > by is also convergent by the Limit Comparison
n— n n— n
Test.

46. Yes. Since " a,, converges, its terms approach 0 as n — oo, so for some integer N, a, < 1foralln > N. But

then 3%, anbn = SNt a,b, + Yomin anbn <Nl b, + 2 men bn. The first term is a finite sum, and

the second term converges since Yo, bn converges. So Y anby, converges by the Comparison Test.
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11.5 Alternating Series

1. (a) An alternating series is a series whose terms are alternately positive and negative.

(b) An alternating series 3>, (—=1)™ b, converges if 0 < bp+1 < by forallnand lim b, = 0. (This is the
Alternating Series Test.)

(c) The error involved in using the partial sum s,, as an approximation to the total sum s is the remainder

R,, = s — sy, and the size of the error is smaller than b, 41; that is, | Rn| < bn41. (This is the Alternating Series
Estimation Theorem.)

1 2 3 4 5 > n n
2. —= - — = - — = O e —1)" . n=(— n S : " . . .
3t2 5T 7t 112::1( ) ) Here an = (—1) e Since lim an # 0 (in fact the limit

does not exist), the series diverges by the Test for Divergence.

4 00
3 - % + % _4 + 4= nz__:l(—l)"_lﬁé. Now b, = ﬁ(—} > 0, {bn} is decreasing, and

lim b, = 0, so the series converges by the Alternating Series Test.

n—oo

1
Inn’

4.2(1

Alternating Series Test.

. 1
b = L is positive and {b. } is decreasing; hm —— =0, so the series converges by the
Inn o Inn

n—1
5. bp = = > 0, {bn} is decreasing, and hm b, = 0, so the series E (=1

Vn a1V

Series Test.

converges by the Alternating

n—1
3 ! 7 > 0, {br} is decreasing, and hm b, = 0, so the series Z —%—)— converges by the Alternating
n — n=1

Series Test.

6. bn, =

> > 3—1/n 3 L
7,20, :2 (-1)" 2n+1—Z( 1)"bn. Now lim b”—hoo2+1/ §#O.Slncenlgréoan760
n=1 n=1

(in fact the limit does not exist), the series diverges by the Test for Divergence.

_ 2n
T 4n2 41

> 0, {bn} is decreasing [since

2n m+2 8n? + 8n — 2
n2+1 4n2+8n+5  (4n? +1)(4n? +8n+5)

lim by = lim —2L
)

bn - bn+1 =

> 0 forn > 1], and

= 0, so the series i (—1)"4——22%_—1 converges by the Alternating Series Test.
n=1 n

2x

m) <0for:z:2 1.

d
Alternatively, to show that {b, } is decreasing, we could verify that — Iz (

_ )n+1

o0
9. b = > 0, {bn} is decreasing, and lim bn = 0, so the series > yro converges by the Alternating
n—oo ’".:1

_1
4n2 +1

Series Test.
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oo (o o) \/— ) )
E = E — g )"bp. Now lim b, = lim ——— #0. Since lim a, #0
nzla" n:l( o 1+2yn oI n—oo 2 + 1/[ 2 n—s0o

(in fact the limit does not exist), the series diverges by the Test for Divergence.

bn = —— > 0 forn > 1. {bn} is decreasing for n > 2 since
nd+4
3 3 3
2V _ (2% + 4)(2z) — 22(3z?) _ z(2z° + 8 — 3z°) _ z(8— =z 2) <0forz > 2. Also,
3 +4 (23 +4)2 (23 +4)2 (z® +4)
/ n__ - n+1 . .
nan;o bn = nlggg TS a/ms ~ 0. Thus, the series ;(—1) 3 converges by the Alternating Series Test.
el/n
bn, = > 0forn > 1. {b,} is decreasing since
n
1/z\’ Ve 2\ _ 1l/z _ 1z
(e ) —re ey el 2 UHE) s 0 Also, lim by = 0 since
x x? x8 n—oo
el/n ]
lim e!/™ = 1. Thus, the series Z converges by the Alternating Series Test.
n—oo el
f lim — = lim = 4 = lim L = 00, so the series diverges by the Test for Divergence.

lnn n—oolnn  s—oco lnx o0 1/x

* Inn & Inn Inn Inz

-H)n T — ) = “)" = ). by = == > 0 forn > 2, and if —,
nz=:1( ) ( - ) 0+n§2( ) ( - ) —— > 0forn > 2 andif f(z) = -

, 1-Inz f bl .
then f'(z) = = < 0forz > e, so {b,} is eventually decreasing. Also,
Inn Inzw .. 1/z . . .

lim b, = lim = lim - = lim T = 0. so the series converges by the Alternating Series Test.
n—o00 n—00 r—00 T—00

f cosnm _ § (=)™

—~ n3/a

1 . . i . 1 .
na/a On = s decreasing and positive and nlglgo eyl 0, so the series converges by

the Alternating Series Test.

sin(%) =0ifnisevenand (~1)* if n = 2k + 1, so the series is Zo (;Tj-)l)' by = (2%_'_1)’ >0, {bn} is
= !

. . 1
decreasing, and lim W 0, so the series converges by the Alternating Series Test.
n-—00

18

. . LT
(=1)"sin =. b, =sin — > 0 forn > 2 and sin ~ > sin ,and lim sin = = sin0 = 0, so the series
n

n—1 n n n n+1’ n—oo

converges by the Alternating Series Test.

& ™ . ™ .

> (- cos(—). lim cos(—) =cos(0) = 1,50 lim (—1)» cos( ) does not exist and the series diverges by
n=1 n n—o0 n n—oo n

the Test for Divergence.

n n n n
n n-m-----n ..n . -1)"n
- >n = lim — =00 = lim (=1)

n: 1-2..... n n—»oo'n,! n—oo

does not exist. So the series diverges by

the Test for Divergence.
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o n n . . n n
20. Zl (—g) diverges by the Test for Divergence since lim (g) =00 = lim (—-g) does not exist.

n—00 n—oo
21.
n an Sn !
1] 1 1 {se ° 1
2 | —0.35355 | 0.64645 0 N PO T SN
3| 0.19245 | 0.83890 {a,}:
4 | —0.125 0.71390
5| 0.08944 | 0.80334 e
By the Alternating Series Estimation Theorem, the error in the
6 | —0.06804 | 0.73530 1
S o (=1)""
7 0.05399 | 0.78929 approximation Y Lns%— = 0.75051 is
n=1
8 | —0.04419 | 0.74510 3/2
|s — s10] < b1 =1/(11) /2 24 0.0275 (to four decimal places,
9 0.03704 | 0.78214
rounded up).
10 | —0.03162 | 0.75051
22. 1
n an Sn (. ?
1] 1 1 ) {5)
2 | —0.125 0.875
3 0.03704 | 0.91204
4| —0.01563 | 0.89641 e
0 - 10
5| 0008 | 0.90441 - )
6 | —0.00463 | 0.89978 02
By the Alternating Series Estimation Theorem, the error in the
7 0.00292 | 0.90270 .
8 | —0.00195 | 0.90074 approximation Y L——lﬁ)a—— ~ 0.90112 is
n=1
9 0.00137 | 0.90212 3
|s — s10| < b = 1/11° = 0.0007513.
10 | —0.001 0.90112

(e o]
. 1 1 . . . .
23. The series Z(_l)n 1 — satisfies (i) of the Alternating Series Test because (77!11—)2 < % and

n=1

el e 1 .. 1 1 1
(i) nlgl; o — 0. so the series is convergent. Now bio = 0% = 0.01 and b11 = 112 =~ 0.008 < 0.01, so

by the Alternating Series Estimation Theorem, n = 10. (That is, since the 11th term is less than the desired error,

we need to add the first 10 terms to get the sum to the desired accuracy.)

oo
. 1 1
24. The series 2:(~1)"Jrl ;le satisfies (i) of the Alternating Series Test because m < pov and

n=1

(ii) lim —11 — 0, so the series is convergent. Now bs = 1/5* = 0.0016 > 0.001 and
n—oo M

bs = 1/6* ~ 0.00077 < 0.001, so by the Alternating Series Estimation Theorem, n = 5.



26.

21.

28.

29,

30.
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TL

e o]
Z — satlsﬁes (1) of the Alternating Series Test

g+l 2.2" 2 2" 2
— - = L= - b, < b, and
because by,41 ; Dl 1 ] 1 (ii)

= 0, so the series is convergent. Now b7 = 27 /7! ~ 0.025 > 0.01 and

bs = 28 /8! ~ 0.006 < 0.01, so by the Alternating Series Estimation Theorem, n = 7. (That is, since the Sth term

is less than the desired error, we need to add the first 7 terms to get the sum to the desired accuracy.)

77.

o0 e o]
The series Z (_ Z — satlsﬁes (i) of the Alternating Series Test because
n=1 n=1

bny1 = Z:__Hl < Z:— i? = 44.1271 = % = bn, and (ii) nler;o 4% = 0, so the series is convergent. Now

bs = 5/4° ~ 0.0049 > 0.002 and bs = 6/4° ~ 0.0015 < 0.002, s by the Alternating Series Estimation

Theorem, n = 5.

1 1
by = - = ~ 0.
=7 16.807 0.000059 5, so
= (—1)n+1 o (*1)n+1 1 1 1 1 1 -
ngl nd z:: =1- 5+ 55~ 1033 + 355 — 755 ~ 0.972080. Adding by to s¢ does

not change the fourth decimal place of sg, so the sum of the series, correct to four decimal places, is 0.9721.

6 6
be = g = 262,144 ~0.000023, SO
= (=" < (—1)nn_ 1 2 3 4 5 » .
> S5 = El gn  — 8T8 53T+ 1006 — 33058 ~ —0.098785. Adding bg to s5 does not
n=1 n=

change the fourth decimal place of s, so the sum of the series. correct to four decimal places, is —0.0988.

72
by = 07 = 0.000004 9, so
oo — 6
(=" 'n? ( 1)n_1n2 1 4 9
Zl 10 ~ 86 = Z 10m =16 ~ Too T To00 — 101(?00 + 1002300 - 1,0030%00 = 0.067614.
n= n=1

Adding b7 to s¢ does not change the fourth decimal place of sg. so the sum of the series, correct to four decimal
places, is 0.0676.
1

1
b =~ 0.
© = 3561 = 5aagsp ~ 0-0000019. s0

n

oo
E X S5
— nnl

change the fourth decimal place of s, so the sum of the series, correct to four decimal places, is —0.2835.

3nn, =it H st - 35165 ~ —0.283471. Adding bg to s5 does not

l.Mm
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o (—1)"! 1 1 1 1 1 1 1
31. nZ::l—n =1- 5 +§ 1 +~~~+E %0 + 51 §+ The 50th partial sum of this series is an
. = 11 1 1 .
underestimate, since El - S50 + 5 52 + 53 a) + - - -, and the terms in parentheses are

all positive. The result can be seen geometrically in Figure 1.

1 1 . . . 1 .
32. If p > 0, wrr < o ({1/nP} is decreasing) and nlLII;O e 0, so the series converges by the Alternating

n—1
Series Test. If p < 0, lim (—n);— does not exist, so the series diverges by the Test for Divergence. Thus,

n—oo

o (_1\n—1
> (——);,— converges < p > 0.

is decreasing and eventually positive and lim b, = 0 for any p. So the series converges (by

n—oo

33. Clearly b, = !
n+p

the Alternating Series Test) for any p for which every by, is defined, that is. n + p #0forn > 1,orpisnota

negative integer.

(Inz)? (Inz)?' (p—Inz)

x

34 Let f (z) = . Then f' (z) = < 0if £ > €P so f is eventually decreasing for every p.

Inn)?
Clearly lim (—E:—) = 0ifp <0, and if p > 0 we can apply I'Hospital’s Rule [p + 1] times to get a limit of 0 as

n—oo
well. So the series converges for all p (by the Alternating Series Test).
35. 5 bon =31/ (2n)? clearly converges (by comparison with the p-series for p = 2). So

suppose that 3 (—1)™ " by, converges. Then by Theorem 11.2.8(ii), so does

S bn+ba) =21+ 55+ =2y 2n1_ T+ But this diverges by comparison with the

harmonic series, a contradiction. Therefore, ) (=1)"" b, must diverge. The Alternating Series Test does not

apply since {bn } is not decreasing.
36. (a) We will prove this by induction. Let P(n) be the proposition that s2n = han — hn. P(1) is the statement

s5 = ha — hy, which is true since 1 — 3 = (14 3) — 1. So suppose that P(n) is true. We will show that

P(n + 1) must be true as a consequence.

— = _— - n — | = h"_h’" -
hantz = hns <h2n+2n+1+2n+2> (h +n+1> (ha )+2n+1 2n + 2

1 B 1
2n+1 2n + 2

= Son + = S2n+42

which is P(n + 1), and proves that s, = han — hn for all n.
(b) We know that ha, — In(2n) — v and hn —Inn — yasn — oo So
som = han — hn = [han — In(2n)] — (hn —Inn) + (In(2n) — Innj, and

lim son =y — 7+ lim [In(2n) —Inn] = lim (In2+Inn — Inn) =In2.
n— oo n—oo

n—oo
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11.6 Absolute Convergence and the Ratio and Root Tests

1.

>'

10.

(a) Since lim Gntl) _ 8 > 1, part (b) of the Ratio Test tells us that the series Y an, is divergent.

n—o00 Qan

(b) Since lim dnt1] _ 0.8 < 1, part (a) of the Ratio Test tells us that the series > a., is absolutely convergent

n—oo | anp

(and therefore convergent).

(c) Since lim Gntl) 1, the Ratio Test fails and the series ) a, might converge or it might diverge.

n—oo QAn

2 an 12 9o» . 1\? 1 1
. The series Z n_ has positive terms and lim —t% = lim [(Lu . EJ = lim <1 + ) 353 <1,

n—oo QAn n—oo 2n+1 n—oo

n= 1

so the series is absolutely convergent by the Ratio Test.

(-10)"'  nl
(n+1)! (-10)

~10
n+1

An+41
an

n—oo

m
n—oo

Z (=10) . Using the Ratio Test, lim
n!

n—00
n=0

series is absolutely convergent.

l:0<l,sothe

n

Z( )" 1— diverges by the Test for Divergence. lim 2— = 00,50 lim (—1)"~ 2—4 does not exist.
n

1 n-—00 n n—oo
) (_1 n+1 oo
Z T converges by the Alternating Series Test, but Z 7 is a divergent p-series (p % < 1), so the

n=1

given series is conditionally convergent.

e n
Z — Is a convergent p-series (p = 4 > 1), so Z (7114) is absolutely convergent.
n=1 n=1
hm lan] = lim —— = lim ;
n—oc 5 +n nooob/n+1

= 1,50 lim an # 0. Thus, the given series is divergent by the Test
n—oo

for Divergence.

o n . .. . .
3 nT—ﬁ diverges by the Limit Comparison Test with the harmonic series:
n=1
. on/(R®+1) n? o n
lim —~———2 — | = t —1)*! i i .
ol 1/n Jm 1 u nz=:1 (-1 1 converges by the Alternating Series Test:

{— S p d e - I()] ]ld
S1t1 S, 18 N
2 Ila 0s1tive terms, 1 ecreas lg since 3 ( )2 <0 x> 1 al

o0
. 1on .
Jim o 0. Thus, ngl(—l)" ! T conditionally convergent.
!
lim |2 = 1/(2n+2)! _ (2n)! - lim (2n)!
n—oco | Ay n—oo 1/(271,)! nﬂoo (2n + 2)' n—oo (2n + 2)(2n + 1)(2n)!
1

— 1 1
= nan;o m 0 < 1, so the series Z is absolutely convergent by the Ratio Test. Of course,

absolute convergence is the same as convergence for thlS series, since all of its terms are positive.

. An+1 1 (n + 1)!/€n+1 . . > —-n . .
nll{EO ol nangO W =7 nlgrolo (n+ 1) = oo, so the series Z e "n! diverges by the Ratio

n=1

Test.
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1/n e
. e e 1 el/n
11. Since 0 < 3 < el e(n ) and E — 1s a convergent p-series (p = 3 > 1), E converges, and so

n—l

o -1 nel/n .
Z % is absolutely convergent.

n=1
sin4n 1 . |sindn
12. o < e SO Z o converges by comparison with the convergent geometric series
n=1
sin4n .
Z ™ (|'r| = i < 1). Thus, Z is absolutely convergent.
n=1 n=1
| ant . [(n+1)3"tt 4t 3 nt1 3 (=3)"
13. lim = - = = - i
R Jim [ i — nl_’oo Vi =1 < 1, so the series Z yEE is

n=1

absolutely convergent by the Ratio Test.

A 1)22ntt ! 22
= lim [(n+ ) . ]z lim {(1-}-%) . 1 = 0, so the series

n—oo (n + 1)'. n22n n—o0 n +

An+1
an

14. lim

2
o0 2
Y. (- D nn' is absolutely convergent by the Ratio Test.

n=1
- ant1| _ 10"+ (n+147 (10 nt+1) _5 ,
15. nan;o o |~ nh_)oo [(TH— OWEEE Ton = 7}er°1° 2 ny3) 8 < 1, so the series

is absolutely convergent by the Ratio Test. Since the terms of this series are positive, absolute

O

(n + 1)42n+1
n=1

convergence is the same as convergence.

3—cosn> 1
n2/3 —2 n2/3 -2

16. n2/3 —2 > 0forn > 3,50 > =5 5 forn > 3. Since Z < diverges (p=2< 1), so

n=1

does Z — %R b the Comparison Test.

n

1 1. .
converges by the Alternating Series Test since lim —— = 0 and { — p is decreasing. Now
n—oo InN Inn

17. i -

1
Inn < n,so — 1 > l , and since Z l is the divergent (partial) harmonic series, Z —_— dlverges by the

Inn =
, — (=" . .
Comparison Test. Thus, Z ( is conditionally convergent.
= Inn
|ans _ (n+ 1)/ (a+D)" n® 1 _1
R e gt nl/nn = Jlim oy = g e < e series

Z E’r_t. converges absolutely by the Ratio Test.

n=1

——————\COS (n7/3)| < 1 and {E l‘ converges (use the Ratio Test or the result of Exercise 11.4.29), so the series
n=1T:

19. n! n!

. cos(nm/3
3 (nm/3)

T converges absolutely by the Comparison Test.
n!

n=1
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-1)"

Inn)»

20. nan;o Ylan| = 7}2& % = 0 < 1, so the series Z converges absolutely by the Root Test.

n=2

n

1n n )
21. nl_ifr;o Vlan| = 11m <3l+3n) = nler;O i = 00, so the series Z 3T¥3n is divergent by the Root Test.

n=1

_ lim [(n-i—l)"“ .31+3n] i {i.<":1)n(n+1)}

an+1
n—oo 34+3n nn n—oo | 33

an

Or: lim

n—oo

n—oo n—oo

= 2l lim <1+%> lim (n+1)= e lim (n+1) =0
so the series is divergent by the Ratio Test.

)n

22. Since {L} is decreasing and nlerclo - 111 = 0, the series Z nn converges by the Alternating Series

nlnn
)'n

is conditionally
nn

Test. Since Z

n=2T

dlverges by the Integral Test (Exercise 11.3.21), the series Z
convergent.

241 1+1/n? 2 "
2. lim la,| = nll.n;o 2’2211 = nllrr;o HLI% = 1 < 1, so the series Z (271112_-:-1I> is absolutely

n—oo

convergent by the Root Test.

2. lim ¢/Jax] = lim - _ }% (-1)

2
— < 1, so the seri is absolutel
- < 1, so the series ,;1 @ 1s absolutely convergent by the

Il

n—oo arctann rctann)n
Root Test.
. . . 1-3 1-3.5 1-3-5-7 n-11-3-5---.. (2n —1)
25. Use the Ratio Test with the series 1 — = + T = +-+(=1) @n=1), +---
oo
_ Z(_l)n_ll.g.?é....l(z’n_ 1)4
~ n—1)!
lim 9%~ i '(—1)"-1~3.5 ..... 2n—-D2(n+1)-1] (2n —1)!
n—oco| ap n—oo 2(n+1)-1] (=1)»-1.1.3.5..... (2n—1)
_ (=1)(2n + 1)(2n —1)!
n—oo | (2n 4 1)(2n)(2n — 1)!
1
nme2n O T

so the given series is absolutely convergent and therefore convergent.

26. Use the Ratio Test with the series 2 + 2:6 + 2:6:10 + 2:6-10- 14 Z 6-10-14-.... (4n —2)
5 5-8 5-8-11 ' 5-8-11- 14 = 5-8-11-14-.... (Bn+2)
lim |24 - '2-6~10 ----- (4n - 2)[4(n+1) — 2] 5-8-11-----(3n+2)
n—oo | ap n—oo 5~8-11-~-~~(3n+2)[3(n+1)+2] 2-6-10----. (4n —2)
. 4dn+2 4
= lim ==->1,

so the given series is divergent.
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© 2. 4.6 (2n) = (2-1)-(2-2)-(2:3)-----(2- oo 9npl o
27‘ _ 'n) _ 2"n! _ n . .
RZZII ol ngl oy =X = ngl 2™, which diverges by the
Test for Divergence since lim 2" = oo.
2"+ (n 4+ 1)!
. Qn+1 . 5-8-11----- 3n+5 2(n+1 2
28. nll‘rrgo . = nllv 0 o ( ) = nl_‘o<> —3(m—5) = = < 1, so the series converges absolutely
5.8-11----- (3n+2)
by the Ratio Test.
n . 1
29. By the recursive definition, n11—1>1<;lo aa‘H = hn;o ZZ i 31 = 5 > 1, so the series diverges by the Ratio Test.
n . 2
30. By the recursive definition, nan;o aaH = le ‘_—t\/c% = 0 < 1, so the series converges absolutely by the
Ratio Test.

|1 1)° : 3

31. (a) lim AZL+—3)— = lim 7 = lim ! 7 =1 Inconclusive.

w7 | T e (g 1) e (L 1)
. 1) 2" . 1 . 1 1 .
(b) nlgg() (7;:;1) T = nan;o %— = nl—l—-rnr;lo (5 + %> = 1 Conclusive (convergent).
(c) lim (=3)" =3 lim =3 lim ——!— = 3. Conclusive (divergent)
n—oo |v/n+ 1 ( 3)" 1 n—o0 Ity 1+1/n_ ’ g ’
—T 2
(d) lim ntl 5 L lim |4/1+ L Ln® +1 = 1. Inconclusive.

n—oo |1+ (n+1) Vn n—oco n 1/n2+(1+1/n)

32. We use the Ratio Test:

(n+1)?

. |ant1 . [(n+ 1)
Jim | = = ST DN ()2 | A
(n+1)?] _

Now if k = 1, then this is equal to hm

2
lim (2——_(:'7_;(—;)—“—) = %1 < 1, so the series converges,
n—oo | (210 n

n+1 ]
n+1 x n: . T
= L =1 _—
3B @ hm l n—o0 (n+1)' fr Al nl—{rolo"n—F ‘
oo xn
Test the series E o converges for all z.

n=0

(b) Since the series of part (a) always converges, we must have hm —

[k(n+ 1)} [k(n+1) — 1]-

denominator is larger than 2, and so the limit is 0, indicating conv

- [kn+1]

00. so the series diverges; if k& = 2, the limit is

and if k > 2. then the highest power of 7 in the

ergence. So the series converges for k>2

1
iz lim ——
n—oo N + 1

z - = 0'by Theorem 11.2.6.

= |z| - 0 = 0 < 1, so by the Ratio
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An+2 an+43 Gn+4
3. (a)Rn:an+l+an+2+an+3+an+4+"':an+l<1+ 2 4 + +)

An41 An+1 An+1

4 Ontd Qns Gnta )
An+3 An+42 An41

An+2 An+43 Qn+2
=ant+1| 1+ +
Gn4l  Gnt2 Gyl

= ant+1(1 + Tnt1 + PrgaTnil + TngsTngaTnir + -+ ) (%)

. . . An41
<ant1(L+7nt1 + 7541 + 1501+ ) [since {r} is decreasing] = ——+L

1—7rnp1

(b) Note that since {ry, } is increasing and r,, — L as n — oo, we have r, < L for all n. So. starting with
equation (%),

Qan
Rn = ant1(1+ Tng1 + Tny2lngt + TngsTagorngr 4+ - ) < any1(1+ L+ L+ L%+ )= 1 '__+2
5.1 1 1 1 1 1 661 .
. = — =—-+ -+ =+ — 4+ — = — =~ 0.68854. Now the ratios
B@ss= 0 =3T3 2 6" 160 ~ 960 ow te rat

n
An+1 n2
Tn = =

an  (n+1)2n+1

form an increasing sequence. since
2(n+1) &

(n+1)°—n(n+2) .
- - = = >0.Soby E 34(b),
2(n+2) 2(n+1) 2(n+1)(n +2) P CESCE) o0 by Exercise 34(b)
. . . ae 1/(6 . 26) 1
< = -1 Lo '
the error in using s5 is Rs < T Tim 7 =172 5 0.00521

n—00

n+1 n
Tntl — Tn

L . . a 2
(b) The error in using s,, as an approximation to the sum is R, = —2+1

= . We want
1-1  (n+1)2ntt
1
R, <0.00005 < m <0.00005 <« (n41)2" > 20,000. To find such an n we can use trial

11

and error or a graph. We calculate (11 + 1)2' = 24,576, 50 515 = > % ~ 0.693109 is within 0.00005 of
=1

the actual sum.

10
n
36. S10 =

1 2 3 0 .
i 2n §+4+§+m+ﬁ ~ 1.988. The ratios

_Gnt1_ n+1 2"_n+1_1
Tn = an _2n+1'_—

1
= ==(14= i
n on 2 < + n> form a decreasing sequence, and

11+1 12
T11 = = =

200 2 =1 < 1, so by Exercise 34(a), the error in using s10 to approximate the sum of the series
o 11

S n is Rip < ai 2048 12
n=1 2n -

1
1—-rn 1—-%8 710240 0.0L18.

31. Summing the inequalities — lai] < a;

< lailfori =1,2,... n, we get g lal <3 e < Yo ail
= ‘"lLII;o Yoy lail < nli_{’go Yy a; < nllrgo Yl = — 2oy lan] < Domey n < Yoty lan| =

IEZL anl < 2::;1 |an].
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38. (a) Following the hint, we get that |a,| < 7" forn > N, and so since the geometric series > _-o, 7™ converges

(0 < r < 1), the series Y>>, |an| converges as well by the Comparison Test, and hence so does 377, |an|.

$0 Yo, an is absolutely convergent.

(b) If nan;o v/Jan| = L > 1, then there is an integer N such that {/|an| > 1foralln > N, so |an| > 1 for

n > N. Thus, lirr;<> an # 0,80 Y o7, an diverges by the Test for Divergence.

39. (a) Since Y an is absolutely convergent, and since lat| < lan| and lan | < lan| (because a; and a;, each equal
either a», or 0), we conclude by the Comparison Test that both a;} and 3 a; must be absolutely convergent.
(Or use Theorem 11.2.8.)
(b) We will show by contradiction that both }_ a,t and )~ a;, must diverge. For suppose that
S a; converged. Then so would ) (a;f — 3an) by Theorem 11.2.8. But
S (af — Lan) = 3 [3 (an + lan]) — 3an] = 5 3 lan|. which diverges because 3" ax is only conditionally

convergent. Hence, > a; can’t converge. Similarly, neither can San.

40. Let > by, be the rearranged series constructed in the hint. [This series can be constructed by virtue of the result of
Exercise 39(b).] This series will have partial sums s, that oscillate in value back and forth across 7.

Since lim a, = 0 (by Theorem 11.2.6), and since the size of the oscillations |8, — 7| is always less than |an|
n—oo

because of the way 3 by, was constructed, we have that - b, = lim s, =T
n—oo

11.7 Strategy for Testing Series

2
n—1 _1-1/n?
i = li = —— 1~ =10, so the series dlver es by the Test for
e lim an = i S = T T Z ges by
Divergence.
n—1 1 . Gn n? —n 1-1/n © n-1
= = = — = li —————1 o the series
2. If an n2—|—nandb" n’thennh—r»%o " nll»oonz—’f-n nl—»n;ol—l—l/ s i Z n2+n

diverges by the Limit Comparison Test with the harmonic series.

1 1 x 1
— >1, onverges by the Comparison Test with , a p-series that
n2+n<n2foralln* sonzzjln2+ c ges by p nzln

converges because p = 2 > 1.

3

4. Letb, = n—1 . Thenb; = 0,and b2 = b3 = %.butbn > bpy1 forn > 3 since
nZ4+n

z—1 '_(:c2+m)—(:z41)(2x+1)__m2+2$+1:2_(x_1)2
(”32+17> B (22 + z)° T (2?4 x)’ (z2 + z)?

< 0 for x > 3. Thus,
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- -1 . .
{bn | n > 3} is decreasing and hm br =0, s0 Z (-1)™! :2 5, converges by the Alternating Series Test.

n=3

also converges.
n

Hence, the full series Y (—1)""! e
n=1

n n 3n
- Nant| . [(=3)"*2 28 o =82 3 3 .
. nan;o o | = nh—{go PECEs =i nlirgo o 95| = nh_‘rrolo ¥ 3 < 1, so the series
o0 n+1
Z is absolutely convergent by the Ratio Test.
n=1
3n 3 3 o 3n \"
. i nl = —— = lm —— =-<1, by the Root Test.
m, Vlan] = lim e = dim s =5 < Son§1<1+8n> converges by the
Let f(z) = ; Then f is positive, continuous, and decreasing on [2, 00), so we can apply the Integral Test.
zvVinz
u =Ingz,
Since/ L dz / w My =2u"? + C = 2VIng + C, we find
zvVInz du =dz/x
®  dz . todx . . .
= lim = lim [2\/ ] = lim (2 Vint — 2\/1n2) = oo. Since the integral
2 TVInz t—oe/, Inz t—oo t—oo
diverges, the given series i 1 diverges
' e nVinn ‘
. Usi i
Z=: k+2)' ;;1 kFDkT2) sing the Ratio Test, we get
|kt : 2k+1 (k+1)(k+2) , k+1
lim =1 . = 2o o oq di
facrcl am ‘ *12)(h+3) ok ILIEO 2 513 2> 1, so the series diverges.
Or: Use the Test for Divergence.
. Z k%e™" = Z e Using the Ratio Test, we get
k=1 k=1
. Ak41 . k+1)? e . k+1\% 1 1 1
kli*nolo - = kll.rfio (ekﬁﬂ) 2| = klgf)lg %) L= 12. Pl < 1, so the series converges.
Let f(z) = 2%¢™=". Then [ is continuous and positive on [1, 00). and f'(z) = “x@ 527) <Oforx >1,s0 fis

decreasing on [1, 00) as well, and we can apply the Integral Test. f z?e ™" dz = lim [~§e‘“‘3r = si so the

t—oo

integral converges, and hence, the series converges.
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1 o (_1yn+l
1M b, = > 0 forn > 2, {b,} is decreasing, and lim b, = 0, so the given series Z 1)

n—oo

converges by

the Alternating Series Test.

12. Let b, = ———. Then b, im by, =
125 en b, > 0, nllrxgo bn, =0, and
b — bryy = n n+1 n?+n—25 hich i itive f >
n n = - =
105 nZiont 6 (n2+25)(n2+2n+26)’w ich is positive for n > 5, so the
sequence {b, } decreases from n = 5 on. Hence, the given series nEZI( -1 -3 :l_ % converges by the Alternating

Series Test.

3" (n+1)° nl
(n+1)! 3mn?

An41

13. lim

n—oo

= lim

n— oo

= 0 < 1, so the series

2
— lim [3(”—“)—} —3 lim 2H1

an (n + 1)’”2 n-—oo ’n,2

n, 2

oo
3
2_:1 n

14. The series Y _o- , sinn diverges by the Test for Divergence since hm sin n does not exist.
— 00

converges by the Ratio Test.

_lann (n+1)! 258 (3n+2)
15. 1 =1 :
oo | an nL“éo‘Q 5.8 GBGn+2)Bn+1)+ 2| nl
. n+1 1
= lim —— =+ <1

nooo 3n+5 3

so the series Z converges by the Ratio Test.
n=02'5'8 ..... (3 n+2)

2
1 1
16. Using the Limit Comparison Test with an = L and b, = —, we have
nd3+1 n
2 3 2
n“+1 n . n4n . 1+1/n . oo . .
ono 1o 2) = - = —L—=1>0.8 by, is the d t
tim 2 = i (ST ) = i T = i oz = 1> 0 Sinee K b the diverser

harmonic series, Y. an is also divergent.

17. lim 2Y/" =2°=1,50 hm (—1)™2'/™ does not exist and the series Z( 1nH” 21/™ diverges by the

n—oo

n=1
Test for Divergence.
1 ) ) o o (__1)71—1
18. bn = for n > 2. {b,} is a decreasing sequence of positive numbers and hm bpn =0,80 >, ~—F———
vn—1 e v/n—1

converges by the Alternating Series Test.

19. L Th (z) = 2-Inz < Owhenlnz >2orz > €, 50 Inn , is decreasing for n > €°
. Let f(z) = \/_ en f'(z 5732 NG
Inn _l/n
By I'Hospital’s Rule, hm — = lim = 0, so the series (-1)"— converges by
y I'Hosp n = = Im e nﬁw\/— nZl f

the Alternating Series Test.
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k ~k+5 .
. Q41| k+6 . — 1 lim —k +6 = 1 < 1. so the series converges by the Ratio
kll-»n;o ar | k—oo |5kl k45 5kock+5 5 ; k
Test.

2 (-2 = (4" - w2 oo . o
= - 1. Van| = — = 0 < 1, so the given series is absolutely convergent by the
712::1 n" Z n s Ia | n—oo M, &

n=1 n—oo
Root Test.
n?—1 n n n?—1 .
tor >1,s0 ——————— converges by the Comparison Test
n3+2n2+5<n3+2n2+5<n n nz_:ln3+2n2+5 ges by P

with the convergent p-series .20, 1/n* (p = 2 > 1).

1 1
. Using the Limit Comparison Test with a,, = tan(E) and b, = o we have

. Gn tan(1/n) tan(l/z) u . secz(l/m)‘(~1/z2)_ . 2 T
W T T T T M T = Jim sed®(1/a) = 17 = 1> 0

Since 3779 | by is the divergent harmonic series, 3°°° | a,, is also divergent.

|(2)2S (-ffl i)l 3 _11_ ™ < i and since Z —5 converges (p = 2 > 1), Z CL:% converges absolutely by
the Comparison Test.
(n+1)! e (n+ D! - e +1
. . Gnt1| n e | n — T _
Use the Ratio Test. nan;o I Rt vy el nl_‘Oo e"2+2"+1n' = am T = 0<1,s0
2 n!
Z — converges.
e'n
n=1
2 n 2
. lang . Gng . n“+2n+2 5 . 1+2/n+2/n% 1 1
Ii =1 =1 . = _t . r—
o ninio( 5rtl p2g 1) nlinéo< 1+1/m2  5) "5 <L
n® +1

8

o converges by the Ratio Test.
n=1

“Inz Inz 17° L . x 1
/ —-dz = lim [—— - —} (using integration by parts) 21 S0 > Zn converges by the Integral Test,
PR t—o0 z z n=1 N2

dsi klnk klnk Ink x
and since m < R —-. the given series ; )3 converges by the Comparison Test.

. 1 . . 1/ 1/1 X e
Since ~(isa decreasing sequence, '/ < /! = ¢ for all n >1l.and Y —5 converges (p = 2 > 1), so
n=1"M

oo el/n
21 —,z converges by the Comparison Test. (Or use the Integral Test.)
tan"'n  7/2 /2 7= 1 I .
0< PE n3/2’ nzzzl n3/z ~ 9 R IE which is a convergent p-series (p = g > 1), so

X tan" ' n
> 372 converges by the Comparison Test.
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30.

31

33.

35.

36.

31.

Let f(z) = [5 Then f(x) is continuous and positive on [1, c0), and since f’(z) = oS-z < 0 for
2/ (z + 5)°
x > 5, f(z) is eventually decreasing, so we can use the Alternating Series Test.
o 1 L i
nlgr;o s nlgrgo ey ey 0. so the series Zl(—l)] 7 +J5 converges.
=
k k k k

5/4) . . 3 5
li l —————( = -] = i - =
Jim ap = lim o= = [divide by 4*] hm S EyrTn = o0 since klirr;o<4> =0and klgr;o(4> = oo0.

Thus, Z 3 P dlverges by the Test for Divergence.

. 2 2 ™
. lim Ylan| = l1rn —Z = lim = = 0, so the series Z (2n) converges by the Root Test.

n—oo —00 N n—oo T

sin(1/n) an . sin(1/n) sm( /

Letan = —— bp = —= 2= s S A
eta Jn and - \/— Then nlergo - nlLrgo 1/n 1>0,s Z converges by

- , . e 1
limit comparison with the convergent p-series z_:l i (p=3/2>1).

9 1 1 it 1 4 . ‘

. 0<ncos”n <n,so > = —. Thus, — —— — diverges by comparison with
n+ncos2n “n+n  2n n=1n+ncoszn
— 1
Z Ee which is a constant multiple of the (divergent) harmonic series.
n

n=1

n?/n

n 1 1 1 .

im Ylan| = = lim = — < 1, so the serie
nll»m lan| = TL].LH;O<TL+1> oo [(n+ 1) /n]" hm (1+1/n)" e seres

2

) converges by the Root Test.

i(n—kl

n=1

1
Note that (Inn)™"™ = (elnl“")lnn = (el“")ln nn_ el andnlnn — oo asn — 00,50 Inlnn > 2 for

1 1 1
sufficiently large n. For these n we have (In n)™" > n? so —— < —. Since Z — converges
(Inn) n? n=2 n?

(p =2 > 1), sodoes Z by the Comparison Test.

_ 1
= (1 )lnn

im {/Jan] = lim (2/7 = 1) =1-1=0< 1,50 the seric (% 2—1) converges by the Root Test.
nh_{r;() |an| nlgroxo (2 1 so the seri SZ ges by

n=1
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an 2V
38. Use the Limit Comparison Test with a,, = ¥/2 — 1 and b, = 1 /n. Then nan;o . = nl:rx;o —l/n—

T kel _ 2
= lim 21/—_1 2 lim 2/ -ln?/-(2 /27 _ = lim (2'/*.In2) =1-In2=1n2 > 0. So since Y7

diverges (harmonic series), so does Y~ , ( o 1).

Alternate Solution:
1

\/i -1= 2(n—1)/n + 2(n~2)/n + 2(n—3)/n 4+t 21/n +1

1 1

and since § =3 > % diverges (harmonic series), so does 21 (V2 - 1) by the Comparison Test.
n=1 n=1 n=

1

[rationalize the numerator] > o

11.8 Power Series

1. A power series is a series of the form 2o CnZ" = co + a1 + c22® + 32 + - - -, where z is a variable and the
¢n’s are constants called the coefficients of the series.
More generally, a series of the form Y2 —ocn(z—a)"=co+ci(z—a)+caz—a)®+--- iscalleda power
series in (z — a) or a power series centered at a or a power series about a, where a is a constant.
2. (a) Given the power series Yome ocnl(z — a)™, the radius of convergence is:
(1) 0 if the series converges only when z = q
(i) oo if the series converges for all z, or
(iii) a positive number R such that the series converges if |z — a| < R and diverges if |z — al > R.

In most cases, R can be found by using the Ratio Test.

(b) The interval of convergence of a power series is the interval that consists of all values of z for which the series
converges. Corresponding to the cases in part (a), the interval of convergence is: (i) the single point {a}, (ii) all
real numbers; that is, the real number line (—00, 00), or (iii) an interval with endpoints a — R and a 4+ R which

can contain neither, either, or both of the endpoints. In this case, we must test the series for convergence at each

endpoint to determine the interval of convergence.

n+1

z" . Ant1 . vn g |z|
3. If an, = —=, then lim = lim - —| = lim = lim —=— — ||
VE e e | TR T e | T el = i, e =

By the Ratio Test, the series Z \/_ converges when [z| < 1, so the radius of convergence R = 1. Now we’ll

(e o]
. . . 1 .
check the endpoints, that is, 2 = -1, When = = 1, the series E —= diverges because it is a p-series with
n
n=1

_l)n

o o]
p= % < 1. When z = —1, the series Z (\/ﬁ converges by the Alternating Series Test. Thus, the interval of
n=1

convergence is [ = [—1,1).

P

A{«
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_l)nm" a n+1 1
8 Fan = 0 hen tim |2 = g (2 PR || _ .
: n—oo | an a nt2 zv nl__ngo 51/ D) = |z|. By the Ratio Test,
. o0 (_ nﬂ?”
the series 2_: -)I- [ converges when |z| < 1,s0 R = 1. When & = —1, the series diverges because it is the

10.

1.

Cfan = I— ,then lim
n!

harmonic series; when x = 1, it is the alternating harmonic series, which converges by the Alternating Series Test.
Thus, I = (—1,1].

_1\yn—1..n _1\n n+1 3 3
L Ifan, = £L3_z_ then lim |21 = lim (=1)"=™" n - (zn”
n n—oo | Qn n—oo (n + 1)3 (—1)"_11'” n— 00 (n + 1)3
n 3 1)n 1,.n
= nh—>ngo <m> |z|| = 1% - |z| = |z|. By the Ratio Test, the series Z z converges when |z| < 1,

n=1
so the radius of convergence R = 1. Now we’ll check the endpoints, that is, = +1. When z = 1, the series

_1 n—1
Z ——( n)3 converges by the Alternating Series Test. When z = —1, the series
=1

°° n 1( 1) oo 1
Z - Z 3 converges because it is a constant multiple of a convergent p-series (p = 3 > 1).
n=1 n=1
Thus, the interval of convergence is I = [~1,1].
) a ] /_—1 n+1
= y/nz", so we need lim ntl = lim _n_%—_@_ = lim 4/1+4+— |z| |z| < 1 for convergence
n—oo an n—o0 \/’l'_l |x| n—oo

(by the Ratio Test), so R = 1. When z = £1, lim lan| = lim y/n = oo, so the series diverges by the Test for

Divergence. Thus, I = (-1, 1).

mn+1 n!

(n+1)! 27

" An+1

= lim

n—oo

T . 1 .
1'—|$|7}L11;on+1—1w| 0=0<1for

n—oo | Qn n

all real z. So. by the Ratio Test, R = oo, and I = (—o00, 00).

_ Here the Root Test is easier. If a, = n"z" then lim Yan| = nlin;on |z| = coif z # 0,50 R =0 and
n—0oo -

I = {o}.
(TL + 1) 4n+1 |z|n+1

 lim |22 = lim L = lim (14— >4|x|—4|a:| Nowdl|z| <1 & |z[< 3, soby
n— 00 an n—oo n4an |$\ n— 00
the Ratio Test, R = 5. When z = 3. we get the divergent series oo, (—1)"n, and when z = —%, we getthe

divergent series Yoo, n. Thus, I = (-3, 1).

:L,n+l n3"

GrET o
a

By the Ratio Test, the series converges when ry <1 & |z|<3.s0R=3 Whenz = —3, the series is the

|z| n |z|

= lim :Jl—»lgo‘m‘ TR S W

n—oo

Ifan = z_ ,then lim
n3n

n—oo an

alternating harmonic series, which converges by the Alternating Series Test. When z = 3, it is the harmonic series,

which diverges. Thus. I = [—3,3).

1 n+1 4
= (=2)"a" i Gntll = i M_ . —\/—5— = lim 2|z| ¢ " _ 2|z|. soby the
an;—rﬁ_’so'nl—l—l};o o 'nh_{%o m 2"‘ |'n nLoo l | n+1 l l

Ratio Test. the series converges when 2 |z| <1 < |z| < 3.s0 R= 1 When x = —3. we get the divergent

£
-
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oo (o) _1 n ) )
p-series Z ";l_n (p=7 <1). Whenz = 1, we get the series Z (=1) . which converges by the Alternating

Series Test. Thus, I = (—3, 1].

n

z so lim
. 5nnp5’ n—oo

An41

5
.zl n |z B .
= = —] == the Ratio Test,
sl 5 Y

an

(="

ns

)

the series converges when |z] /5 <1 &  |z| < 5,50 R = 5. When z = —5, we get the series Z

. 1
which converges by the Alternating Series Test. When z = 5, we get the convergent p-series Z 5 (p=5>1).

n=1
Thus, I = [—5, 5].
Ifa, = (- 1)"4nl , then
n+tl n 1 || . |z]
i Ant1] _ d -4 Inn = lﬂ im —at 1 1 (by I'Hospital’s Rule) = =
nll»ngo Gn | noveo [4nt In(n+1) zn 4 2l In(n+1) 4 (by P 4

||

By the Ratio Test, the series converges when 1 <1 & |z[/<4,50R=4 Whenz = —4,

oo oo
5 = ST S LD
_2(—1) 4"lnn 4"lnn nzzlnn,Smcelnn<nforn_2, Inn>nan nlS e

1
divergent harmonic series (without the n = 1 term), Z — 1s divergent by the Comparison Test. When z — 4,

n= 2
oo
Z( 4n lnn Z( " whlch converges by the Alternating Series Test. Thus, I = (—4,4].
=2
im | @nts o™ en) jaf?
n = ,80 1 = =lim — 2 by th
a ( 1) (2 )[ Sonl—>nolo an n-l—>oo (2n+2)l I I2n n—oo (2n+1)(2n+2) 0 us, oy the

Ratio Test, the series converges for all real  and we have R=oc0and I = (—o0, ).

n | anta vn+1|z -1 . 1
fan = Vn(z -1) ,thennl.gr;o Y | Jim m— :nh—{{.lo 1+;]x—1|=|z—1[.By

the Ratio Test, the series converges when [z — 1| < 1 [so R = 1l & -1<z-1<1 & 0<z < 2.
When z = 0, the series becomes Yo o(=1)"/m, which diverges by the Test for Divergence. When z = 2, the

series becomes pDed o V1, which also diverges by the Test for Divergence. Thus, I = (0,2).

An41
an

(n+1)*(z - 5)+1
nd(z — 5)n

Ratio Test, the series convergeswhen [z -5/ <1 & —l<gz-5<1 < 4<z<6.Whenz =4,

Ifan = n*(z - 5)", lim

n—o00

= lim

n—o0o

3
— lim (1+%) & — 5 = | — 5. By the

n—oo

the series becomes 202 o(=1)™n3, which diverges by the Test for Divergence. When z — 6, the series becomes

Ym0 m3, which also diverges by the Test for Divergence. Thus, R = 1 and I = (4, 6).
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18.

1.1 an = (1" EE2 e
n2n

. |ant1 . |z + 2/ n2" n  |lz+2|  |z+2|

lim = lim . = i . = i
o JAm [(n T2 et nllvnolo p—— 3 7 By the Ratio Test, the

. z+2
serlesconvergeswhenl——l <1 & |z+2/(<2[00R=2] & -2<z+2<2 & —-4<z<0
_ : 2 (2" R 20 &L , N
When z = —4, the series becomes 3. (—=1)"~—— = 5. —— = ) —, which is the divergent harmonic series.
n=1 n2r n=1 n2n n=1T
&= .
When z = 0, the series is ( mat the alternating harmonic series, which converges by the Alternating Series
n=1
Test. Thus, I = (—4,0].
—9)"

Ifan = (—\/%(z + 3)", then

. |ant1 (=2)" ( + 3)" ! NG 2|z +3]

lim = lim . = lim —/———==2z+3|<1 &
n—oo | Qn n—»oo~ vn+1 (—2)n($+3)" n—oo 1/1_*_]_/77' l I
lz+3/ <% [soR=3] < ~I<z< -5 Whenz = —I the series becomes —1— which diverges

n=1V"N
- S 1 5 : 2 (=" :
because it is a p-series withp = 5 < 1. When z = —3, the series becomes Y Nl which converges by the
n=1 n

19.

20.

21.

Alternating Series Test. Thus, I = (—%, —%] .

,then lim %/|an|= lim o — 2] — 0, so the series converges for all  (by the Root Test).

n—o0 n

If an = (z—2)"
nn

R = oo and I = (—00, 00).

. |ans NG ) L S B Bz -2 1 _Be=2 2y o
Jim (= = L | g Bz o2 | e\ 3 L+1/m 3 o~ 5. s0by
the Ratio Test, the series converges when |z — 3| <1 < ~l<z<§ R=1Whenz= —1_ the series is

© (-1)" . . . . .
——( ) . the convergent alternating harmonic series. When z = 2, the series becomes the divergent harmonic
n g & 3
n=1

series. Thus, I = [—3, 3).

an = Bn;(ac —a)", where b > 0.
Cawna| o D= ¥ 1>|m—a1_1m—a1
- . = + = = .
m an i b+t n|z —al|” o n b b

By the Ratio Test, the series converges when o ; al <1 & |r—a|<b [soR= b] &

_b<cz—a<b & a—-b<z<a+b When |z —a| =b, lim |an| = lim n= 00, so the series diverges.
n—oo n

— 00

Thus, I = (a — b,a +b).

_n(z—4)" “
O T T 1
1 3 3
. An4l| _ s (TL—Q—I)lm—‘Hn+ . n”+1 — L 1 1y __nm+" +1 z— 4| = |z — 4|
'nh—{rolo an = Jm, (n+1)3+1 nl|z — 4" am i\t e n*”—i—3n2+3n+2l =1 l
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By the Ratio Test, the series converges when |z —4| <1[soR=1] & -1<z-4<1 & 3<z<35.

oo oo
n . . . .
—_ 4] = = ———, which converges by comparison with the convergent p-series
When |z — 4] I.Ellan[ Eln3+1,w ges by comp
n= n=

m17= (p=2>1). Thus, I = [3,5].

(n+1)!(2z — 1)+

_ n N Y = I 12z — 1| — 0o
If an = n!(2z — 1)™, then nlirr;o o nILn;o 2z — 1) nll{lolo(n D)2z -1 -
asn — oo for all z # 3. Since the series diverges for all z # 3>R=0and = {1}
n?z™ _nfz® g ©
"TRA6 (@) 2wl (oD
n+1 n _ |
lim |2 = bim (n+1)|a] 2(n nl)' — lim 2 Llz| = 0. Thus, by the Ratio Test, the series
n—oo an n—oo 2"+1n! n |Z‘ n—oo TL2 2
converges for all real z and we have R = oo and I = (—oo, 00).
n+1 2
N . |4z + 1] n . 4z +1] .
=1 : 7| = lim ————= = |4z + 1|, s0 by the Ratio Test, the
T | = [ (n+ 17 e+ 1] et (g 1jn)
series converges when [4z + 1| <1 & —1<4z4+1<1 <« —2<4z<0 & -1<z<05s0
oo _ n
R= %. When z = —%, the series becomes " ( 12) , which converges by the Alternating Series Test. When
n=1 T
x 1 .
x = 0, the series becomes 2> A convergent p-series pP=2>1.1= [—%, 0].
n=1
-1)" " n . 1
Ifa, = M, then we need lim |2ntL| — 2z +3| lim —— 2" |2z + 3| < 1 for
nlnn n—oo n—oo (n+ 1) In (n+ 1)
00 00 1
convergence,s0 ~2 <z < —land R= 1. Whenz = -2, an = —— which diverges (Integral Test),
2 n=2 n=2 T Inn
00 o (—1)"
andwhenz = —1, 3 ap, = 5 (1) » which converges (Alternating Series Test), so ] = (-2,-1].
n=2 n=2T Inn
I n = T———0, n n| = —_— = 5 = = (—
fa (nn)" then lim {/]an| Jim Inp — 0 <1forallz.so R =ocoand I = (~o00,00) by the
Root Test.
2-4.-6-.... (271) z" R An41 . 2n + 2
If = t = =
On = 77 35 . @n—1)’ hen we need nlerolo = nlLrlgo |z] 1 |z| < 1 for convergence, so
2:4-6----. (2n) . .
R=1 Ifz =41, |a,| = | i i
z an| 135 @n-1) > 1 for all n since each integer in the numerator is larger than

the corresponding one in the denominator, so 3 a, diverges in both cases by the Test for Divergence, and
I=(-1,1).

(a) We are given that the power series ) > | c,x™ is convergent for z = 4. So by Theorem 3, it must converge for
atleast —4 < z < 4. In particular, it converges when z = —2; that is, 2 om0 Cn(—2)™ is convergent.

(b) It does not follow that Yoo Cn(—4)ms necessarily convergent. [See the comments after Theorem 3 about
convergence at the endpoint of an interval. An example is ¢, = (—1)"/ (n4™).]
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30. We are given that the power series Y o0 ( cnz™ is convergent for x = —4 and divergent when z = 6 So by
Theorem 3 it converges for at least

4 < < 4 and diverges for at least z > 6 and z < —6. Therefore
(a) It converges when = = 1; that is, Y cn is convergent

(b) It diverges when = = 8; that is, ), c,8™ is divergent

(c) It converges when x = —3; that s, ) ¢, (—3)" is convergent
(d) It diverges when & = —9; that is, }_ ca(—9)" = >_(—=1)"ca9" is divergent
n!)*
N Ifan = z™, then
kn)!
lim |22

[(n+1)]" (kn)!

ol = B (n+ 1) i
n—oo| Gn n—co (n!)* [k(n + 1)|! oo (kn+k)(kn+k—1)--- (kn+2)(kn + 1)
- lim [(n+1) (n+1) (n+1)]|m|
n—ooo | (kn+1) (kn+2)  (kn+k)
L n+1] . n+ . 1\"
_Jl.néo[knJrlLLoo[knJrz] 'nl—mo[k Jrlc]I |_(%> el <1 &

|z| < kF for convergence, and the radius of convergence is R=k*

32. The partial sums of the series )~ 2" definitely do
not converge to f(x) = 1/(1 — z) for x > 1, since f is

undefined at z = 1 and negative on (1, 0c0), while all

-

the partial sums are positive on this interval. The partial

sums also fail to converge to f for z < —1, since

0 < f(z) < 1 on this interval, while the partial sums
are either larger than 1 or less than 0. The partial sums
seem to converge to f on (—1, 1). This graphical
evidence is consistent with what we know about
geometric series: convergence for |z| < 1, divergence

for |z| > 1 (see Example 11.2.5).

_1\" 2n+1
33, (a) If an = )" o

i3 Doz e

2n+3
. a 1
lim |—*

n—oo

T
(n+ Dl(n+2)122n33
all z. So Ji(z) converges for all z and its domain is

= lim
n— o0

nl(n+1)12°%
r2ntl

an

1
A D(nt2)

2
= (E) = 0 for
2
(—00, 00).
(b). (c) The initial terms of Ji(z) upton = 5 are

aq =

16

1,474,560

m5

7

, a2 =

and as = —

—. a3 = —

18,432’

1711

T76.047500° ¢

partial sums seem to approximate J1 () well near

the origin, but as |z| increases, we need to take a

large number of terms to geta good approximation
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SECTION 1.8
0o an
p— = ’ 0
M. () A() =1+ E_:lam e 0 = s 6 G @)
1 . .
. An+1 ————— = (forall z, so the domain is R.
dim | =) = Jaf Tim (Bnt2)3n+3)
2

(b), (©)

35.

]
i
i
'
'
1 /
'
'
'
'
i
'
'

/
/

I

] )
1

— HI,
K -2

Ss §3

o = 1 has been omitted from the graph. The partial sums seem to approximate A(z) well near the origin, but as

|| increases, we need to take a large number of terms to get a good approximation

To plot A, we must first define A(z) for the CAS. Note that for n 2 1, the denominator of a., is
(3n)! (3n)! [y (3k — 2) 3n
—1)-3n = == nd
=) = e ey - M, Gk—2) =" (@ < 2

(3k—2
) yon Both Maple and Mathematica are able to plot A if we define it

thus A(z) =1+ Z nkﬁl?))—

n=1

this way, and Derive is able to produce a similar graph using a suitable partial sum of A(z)
Derive, Maple and Mathematica all have two initially known Airy functions, called AT _SERIES(z,m) and
z,m) from BESSEL . MTH in Derive and AiryAi and AiryBi in Maple and Mathematica (just

BI_SERIES (
Ai and Bi in older versions of Maple). However, it is very difficult to solve for A in terms of the CAS’s Airy

functions, although in fact A(z) = V3Airyhi(z) + AlryBi(z)
V3airyai(0) + AiryBi(0)’

San—1 =142+ 2%+ 223 4 24 1255 4 ... 4 520 2} 2z
:1(1+2m)+x2(1+2m)+z4(1+2x)+ -+ 2”1 4 2z)

= (1+2x)(1+x2+x4+...,,_xzn‘z)
[by (11.2.3)] withr = z?]

2
lfmf asn — oo [by (11.2.4)],

= (1+22) 11‘

142z
—z2

since z*" — 0 for |z| < 1. Therefore,

when |z| < 1. Also 2, = 83,1 + 227
x . .
a8 m — oo. Thus, the interval of convergence is (-1,1)

1T Z since s2,, and s2,,_; both approach i
1+ 22
d = —.
and f(z) 1.2

Sp —
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— 2 3
36. s4n—1 = co + 1T + c2x” + c3z” + c0x4 + c1z5 + chG + 63177 44 03:64"‘1

3

2
dn—4 co+ 1T + c2x” + c3x
) - asn — oo

:(co+C1x+02:1:2+03:v3)(1+w4+x8+...+w —
-z

[by (11.2.4) withr = z*] for |z*] <1 ¢ |z < 1. AlSO 84n. San+1, San+2 have the same limits (for example,

— 4an 4 . )
San = San—1 + coz*™and z*™ — 0 for |z| < 1). So if at least one of co, c1, c2, and c3 is nonzero, then the interval

2
co + a1z + c2x? + caz®

of convergence is (—1,1) and f(x) = T
-z

37. We use the Root Test on the series 3~ c,z™. We need lim 3/]caz”| = |z| im {/|ea| = ¢ |z] < 1 for
n—oo n—oo
convergence, or |z| < 1/c.so R=1/c.

38. Suppose ¢, # 0. Applying the Ratio Test to the series S en(z — a)™, we find that

) a _ n+1 _ _
Lo tim |0t| o i @@ gy Al 2 —al
n—oo | On n—o0o cn(.’L‘ —_ a)" n—oo |Cn/Cn+1| lim |Cn/Cn+1|
n—oo
lim |en/cnt1| # 0). so the series converges when -.—u— <1 & |z—al< lim En_|. Thus,
n—oo lim |cn/Cnt1l n—00 | Cng1
n-—00
, c .

R = lim 2| If lim = 0and |z — a| # 0. then (%) shows that L = oo and so the series diverges,

n—0o0 | Cn+1 n—0o0 | Cn+1

and hence, R = 0. Thus, in all cases, R = lim

n—oo

Cn+1

39, For2 < z < 3,5 cnz™ diverges and S dnz™ converges. By Exercise 11.2.61, 3 (cn + dn) ™ diverges. Since

both series converge for || < 2, the radius of convergence of Y (cn + dn) z™ is 2.

40. Since S c,z™ converges whenever |z| < R, enz?™ = 3 cn(z?)" converges whenever 2’| <R &
g

|z| < V/R, so the second series has radius of convergence VR.

11.9 Representations of Functions as Power Series

o0 [e}
1. If f(z) = 3. cna™ has radius of convergence 10, then f'(z) = 3, nenz™ "t also has radius of convergence 10
n=1

n=0
by Theorem 2.
o0 < by n .
2. 1f f(z) = Y bnx™ converges on (—2,2), then [ f(z)dz = C + S =i +1 has the same radius of
n=0 n=0

convergence (by Theorem 2), but may not have the same interval of convergence—it may happen that the integrated

series converges at an endpoint (or both endpoints).

and then use Equation (1) to represent the function as a sum of a

1
3. Our goal is to write the function in the form s
1

power series. f(z) = 1—_}_—9—: = m = i (—z)" = 'Of: (-1)"z™ with |-z| <1 & lz] <1, soR=1

n=0 n=0

and I = (—1,1).



SECTION 1.9 REPRESENTATIONS OF FUNCTIONS AS POWER SERIES O
oo [e o]
f(z) = —3( 2 =3(1+x4+w8+:c12+~~)=3Z(w4)":23m4"with
1- x4 1—2z4 = =
fe o] oo 4
|#*| <1 & Jz|<lsoR=1andI=(-1,1). [Note that3Z(m4)" converges << Z(m )
n=0 n=0
converges, so the appropriate condition (from equation (1)) is l:c4| <1l]
1 o0 e}
5. Replacing z with 2 in (1) gives f(z) = === Y ()" = Zow - The series converges when |z®| < 1
- n=0 n=|
& 7P<1 & |z71<¥1 o lz| <1.Thus, R=1and I = (—1,1).
1 1 S 2\ & no2n,_2n . 2 .
. = = = -9z%)" = —1)"3""z“". The series converges when |—9z2| < 1;
6 £0) = g = Ty = (9" = £ (-1 |-922|
that is, when |z| < 3,50 1 = (-4, 1).
1 1 1 1 & /z\n _ - 1 ., _
= =—c|lT7—F=]=—-= — ) orequivalently, — x". The series converges when
Tie@)==5 5<1—:c/5) 5,&(5) red Y ;:05"“

’g’ < 1; thatis, when |z| < 5,50 I = (-5, 5).

931

1 no2n,_ n+l
= =r — =2z —4z)" —-1)"2 . The series converges when 4z < 1

that is, when |a:| < Z*SOI = (_l i)

T 1 T 1 T z\2]"
3 fz) = 9+m2—9[1+(z/3)2J_ [1—{ (z/3)? }J 9;[ (3)}
o0 2n 2n+ e 21"
T T
=5 z% Z( n: “gnr1 - The geometric series 7;) [ ( §) ] converges when
(fﬂ 2 l 2' 2
-3 <l & & |z°<9 o |a:]<3,soR=3andI=(—3,3).
132 332 el x3n+2 )
10. f(z) = Pl Sl e xs/a3 == Z (a3> = ZO Pl The series converges when
n=

lxs/asl <l & ]zS' < ’a3‘ © |z|<|al,soR = |a|and I = (= lal, la]).

3 3 A B

11- - - =
fl@) 22432 (+2)(z—-1) z+2 z-1
get A= —1. Taking z = 1, we get B = 1. Thus,

3 1 1 11 1 X . 1X/ gy\n
mz—f-:c—2‘a:—1*z+2_~1—x_§1+x/2*—nzz:oz _2,1;0(_5)
oo oo n+1
n n n+1 n i -1 n
SL e = B s (e - S [
n=0 n=0 n=0 2

We represented the given function as the sum of two geometric series; the first converges for x € (—1, 1) and the
second converges for z € (-2, 2). Thus, the sum converges for z € (—1,1) = JI.

+ = 3=A(z—-1)+B(z+2). Taking z = —2, we
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Trx —1 Tz —1 A B 1 2 1 1
12. = = = = — . —
f(@) 3x2+2x -1 (Bz—1)(z+1) 3:1:——1+a;+1 3a:—1+:v+1 2 1—(-z) 1-3z

=2 Z;z.ozo (—z)" - :ozo 3z)" = Z;”ZO 2(-1)" - 3" 2"

The series 3 (—x)"™ converges for z € (—1,1) and the series 3 (3z)" converges for € (=3, 3)- so their sum

converges forz € (—3,3) = 1.

1 d ( - d
13. (a) f(z) = m Zl;(l_;-lm) == [Z( Nz } [from Exercise 3]

n=0
= Z 1)"**nz™ " [from Theorem 2(i)] = Z(—l)"(n +1)z" with R = 1.
n=0
In the last step note that we decreased the initial value of the summation variable n by 1, and then increased

each occurrence of 7 in the term by 1 [also note that (—1)"? = (=1)"].

() f(z) = El—:g :_%diw [(—1&;)3} :——;-di [Z( 1)n(n+1)z} [from part (a)]
Z( 1)"(n+1)n 1:%50: ~1)"(n+2)(n+1)z" with R=1.
n=1 n=0

©) f(z) = q _T_zw)3 =z2. q +a:)3 = %Z )" (n +2)(n+ 1)z" [from part (b)]

Z( D*(n+2)(n+ )z n+2 To write the power series with 2™ rather than =™ nt2

n=0
we will decrease each occurrence of n in the term by 2 and increase the initial value of the summation variable

by 2. This gives us 3 Z( 1)™(n)(n — 1z™.

n—‘2
1 1 x . . .
14. (a == —1)"z" [geometric series with R = 1], so
@ T T

f(w)=1n(1+g;):/ = =/[§( )"z "}dw—()Jr S (- 1)nnn_:ll

1+x n=0 n=0
S = ith R =1
=3 - [C = Osince f(0) =In1= 0], with B =
n=1
IS} _1\n—1,.m oo -1 n—1,n+1 oo -1 n,n
(b) f(z) = oIn(1 + 2) =m{z (—1)—n—””—} [by part ()] = Zl( Lo Q(T)_—’f—
n=1 n= n=
with R = 1.
et _1\n-1 2\n n—1 2n )
©) f(z) = In(z? +1) = Z (__l;;,ﬁ_)_ [by part (a)] Z (Gt DA ) with R = 1.
n=1

dz 1 dx
15.§(=) :1“(5“”):‘/5’_;:*3 T
1 o0 m7l+1 n

Putting z = 0, we get C = In5. The series converges for |z/5| <1 |z| < 5,50 R =75.
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16. We know that

.. 2 s n n— = n+1
: —12:c nzo(%) . Differentiating, we get T oy - > 2"zt = n;02 (n+1)z", s0

n=1

o0

2"+] (n+1)z" = Y 2"(n+1)z" 2 or 22 2" %(n — 1)z™,

n=0

=
8
|
|8
Il
|8,
3
|v[\18

17.

1 X /z\n X1
2—:,::2(14/2):52(5) = L gme o [5] <1 e el <2 Now

1 d 1 d (X 1 X n
—_— | = — i = = Il) . So
(x —2)* dz(2—m> dz(z gnt1® > ,f; anF1® Z 2"““2

n=0
3

x n+1 . n+1
fz) = @ 27 :w3nz=:0 Szt = Z PR orz x for |z| < 2. Thus, R = 2 and

I=(-2,2).

fore) z2n+1
= g = -1 n
18. From Example 7, g(x) = arctan ngO( ) 1

. Thus,

o) 2n+1 )
f(z) = arctan(z/3) = (—1)"*(‘1/3) = > (-1 1 Intl

= Nre—— for‘ l <1l & |z|] <3,
n=0 2n + 1 n=0 32""'1(277, + ].) I I
so R =3.

dx 1 dx 1 dz 1 X T\"
1 flz) =Ins+2) = 3+x:§/m=§/m:§ 2 (-5) @
1

=C+= f G =In3+ = Z—£"[C—f(0)—ln3]
3 (n+1)3" 3 N N

n1n3n1

oo

ln3+z i,

—3n 2" The series converges when |-z/3| <1 & |z/]<3,s0R=3.
=1

The terms of the series are ao =1n3,a;

As n increases, s, (z) approximates f better on the interval of convergence, which is (-3, 3)
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A f@)= 2 41-25 215 <T+Tl"’/2—5) B 513 <1 - (—1:'32/25)) B 2—15 §0<_-’§_§)" B 513 20(4)”(%)2”‘

The series converges when |~22/25| <1 & 2> <25 <«  |a| <5,s0 R =5. The terms of the serics are
24

15,625° "

1 z2

55‘7041 = —g%,az =

ap =

-0.02 S5 83

As n increases, s»(z) approximates f better on the interval of convergence, which is (—5,5).

o (5) - [

- [ i [ B Bl
:/[(1—m+x2—:1:3+1:4—~~~)+(1+m+w2+w3+$4+“')]dw
2g2" !

. 2 4 — 2n _
_/(2+2x +22* + ) dx 20233 dz = C+Z2n+1

2 2n+1

But f(0) = In1 = 0,50 C = 0 and we have f(z) = Z o1 with R = 1. If z = &1, then
n=0

1 =

o0

flo) = £2 EO 2n1+ 1

. 1
. which both diverge by the Limit Comparison Test with bn = o

_S6 —‘S4
3 / ST 5
—
iy 4

So

-3

As 7 increases, s, () approximates f better on the interval of convergence, which is (—1,1).
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22. f(z) = tan"'(2z) = 2 do = 2/ f: (-1)" (42*)" dz = 2/ f (-1)"4"z*" dz
' 1 + 4'7;2 n=0 n=0
nan,_ 2n no2n 2n+1
= 5 “—(_1) Gk ) 2 0)=tan"'0=0 so C = 0]
‘C+2n§0 n+1 _n;, 2n +1 [£(0) ’
* 1
The series converges when [42°| <1 & |z| <1l soR=1.Ifz = +1, then f(z) = Z_: (-1 Tl and
fz) = nio( —1)mtt Il respectively. Both series converge by the Alternating Series Test
_ S5 =S¢
RN 2\ _si=s
( 1 \
\
\\ f
\
\
\ ‘\
\ \ SO
-2 \‘ \\ ' 2
\\s ‘\
\
\
1
1
L L
-2

t
23 ——
3 1—1¢8

As n increases, s, (z) approximates f better on the interval of convergence, which is 1, 1]

— ti(tS)n — io: t8n+1 =

el 8n+2
2 =C+ Z Feat The series for _—
converges when [t*| <1 <« [t| < 1,50 R = 1 for that series and also the series for ¢ /(1 — ¢®). By Theorem
2, the series for / t 7 dtalsohas R = 1.
N - 1
24. By Example 6, In(1 — ¢) = — — fi = -
y Examp n( ) nzlnor]tl<ls Z and
In(1 —¢) N "
LY

r By Theorem 2, R = 1

n=1

L e 2n+1
25. By Example 7, tan~! z = -n" it =
y p an" "z nz:;)( )2n+1w1hR 1, so
3 5 7 3 5 7 oo 2n+1
x_tan—lx:w_<x_£+£_w_+.,. vz 2 Z e 2
375 7 375 "7 - 2n + 1
z—tan !z ad z?n—2?
and = S ) [ A
x3 nz:;( ) 2n+1°°

z—tan"lg
Jrtme,

oo 2n-1 oo 2n
C+ -1 n+1\x = nt+1 T =
-3 nE:I( ) @n D@1 C+,§=1( 1) 27 —1 By Theorem 2, R = 1.
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2%. BVE e 7 /t “1(2?)d /i( " (;1;2)271-}—1 o pints .
. By Example 7, [ tan™ " (z")dz = —)'———dz=C+ 1) Wi =
= o+ 1 XD G Dansg VA=

27 1 _ 1 _ - 5\ __ - n_5n

e = LY _2_:0(_1)97 -

5n+1
n 5n
/ 1+m5 /Z dm—C—i—Z . Thus
0.2 6 11 0.2
1 2 =z 0.2)  (0.2)"
I:/O 1+m5d$:[ ~—6——+-T1——~--]0 :O.2—( 6) +(—11)——--~.Theseriesisaltemating.so

if we use the first two terms, the error is at most (0.2)"!/11 =~ 1.9 x 1072, So I ~ 0.2 — (0.2)%/6 ~ 0.199989 to

six decimal places.

28. From Example 6 we know In(1 — z) = — Z L so

n=1
(o) 4\ " e} 4n
4\ __ — (*w) _ n [y
n(1+29) =i - () = - S5 50 - S I <
In(1+z*) dz = S 1)+ xmd C 3 w1 @
/n( +.’IJ) .’B—/;(-—) —n— T = +;(~1) m.Thns,

e = B

TR 5 18 39 68

The series is alternating, so if we use the first three terms, the error is at most (0.4)'7/68 ~ 2.5 x 10~°. So

I ~ (0.4)%5 — (0.4)%/18 + (0.9)'%/39 ~ 0.002034 to six decimal places.

29. We substitute z* for z in Example 7, and find that

2, —1( 4 2 (m4)2n+1
/z tan” " (z )da::/:c EO(—l)"mdm

8n+6 $8n+7

o T
= —1)" d =C 1P
PR ey +nZO( ) Gn DT
1/3 7 15 1/3
So /0 2% tan”" (14) dr = [% - %5- + - ] . = 71—37 - :E)—l—gﬁ .- .. The series is alternating,

so if we use only one term, the error is at most 1/(45 . 315) ~15x107°. So

f1/3 2tan~" (¢) dz ~ 1/(7 - 37) ~ 0.000065 to six decimal places.

0.5 0.5 n_6n+171/2 n
dz & 6 & [(=1)"x ] & (=1)
0. = ~1)"z%" dz = =Y —— ey
} /0 1+ a8 0 'n.z=:0( yra de nZ::O{ 6n+1 Jo o (6n +1)26+1
1 1 1 1
5 7 T13.28 19 920 T

. 1 _ .
The series is alternating, so if we use only three terms, the error is at most 19 219 ~ 1.0 x 1077. So, to six

dz L1 ~0.498803.

1
1+z6 2 7-27 13-2

0.5
decimal places, /
0
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31. Using the result of Example 6, In(1 — z) = Z —. with z = —0.1, we have

n=1
Inl.1 =1Inl1 - (-0.1)] = 0.1 — % + 0'201 - 0'0201 + 0'005001 — ---. The series is alternating, so if
0.00001

= 0.000002. So

we use only the first four terms, the error is at most

0.01 | 0.001 0.0001

ln11~01—T+—3-— 1 ~ 0.09531.
foe) n,.2n oo (__ 2 1
32. f(z) = Z (Z)"%™ => fllz)= (—)L [the first term disappears], so
n=0 ( ) n=1 Tl)
i -1)™( 2n) 2n 1)g2n-2 i )
—~ 2n)! = [2(n - 1)]
R )n+1 2n
= Z [substituting n + 1 for n]
n=0
i n 2n
=-y L 2n>. =-f@) = @)+ @)=
n=0
N n 2n e -1 —
" 2ng?n (=1)"2n(2n — 1)z?"~2
3.
(@ Jo(z g CIER 7;1 22n e , and Jy'( Z 22 ()2 , S0
et _ 2n n _2n+42
ey J "2n(2n — 1)z (—=1)" 2na®® (-)"z
(@) +2J5(z) + 2° Jo(a Z 22n n!)2 Z 22n(n!)2 Zo 22n(pl)2
= n=
= (CD)"2n@2n — 1)z & (=D)"2nz® X (1) lgn
- Z 22n ()2 + Z 22n(n1)2 + Z 2n—2 2
n=1 n=1 (n) n=1 2 [(n - 1)!]
ad —1)”277. 2n_1m2n e —1)" 22" e 192 2 2n
:Z( 22n((l2 ) +Z( 2)n ?i +Z( )(21) Zn
— n!) = 22n(nl) oot 22n(n!)2
o o)
2n(2n — 1) 4 2n — 2252 - 4n® — 2
— 1)” m _ n [4n? n+2n —4n?] .
> [, Y
n=1
1 1 sl n _ 2n 1
)"z z2 4 6
(b)/JO(x)dx:/ (\d:/ 1=, _z
s A ; 2z | 9= ) 1764 a0 )de
z3 z° z’ ! 1 1 1
[ 3 5-64 7-2304 + J 1 12 + 320 16,128 +

Since T(i}[_zs ~ 0.000062, it follows from The Alternating Series Estimation Theorem that, correct to three

decimal places, [ Jo(z) dz ~ 1 — 15 + 525 ~ 0.920.
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1)n 2n+1 00 2
34. (a) J _() n+1)z’
(a) Ji(z) = Z Wl (n 4 D) 22n 1’ Z:O n' (n4 112 and

@) :i )" (20 +1) @n)a® !

n' (n+ 1)1 22n+1

n=1

2 JY (z) + ¢ Ji(z) + (® — 1) Ji(z)

i =" 2n +1)@2n)2" T X (=1)" (2n+ Dz
— (n+1)!22n+1 — nl(n+1)!22n+

1) x2n+3 e ( l)n 2n+1
+ Z n! (n + 1)!227+1 B 7;) n! (n + 1)1 227+1

i ™ (2n +1)(2n)z*" N 2 (=)™ (2n + D)z
~ Tl' (Tl + 1) 22n+1 o n! (TL + 1)[ 22n+1
i 1)z 2n+1 i (-1)" p2ntl Replace n withn — 1
(n—1)Inl22n-1 L= nl(n+1)122041 in the third term
T T L@n+1)@2n) +(@2n+1) - (n)(n+1)2° ~1] »
_z =z 1 n+1l _

2 2+RZ=1( ) [ l (n + 1)1 22+ ’ 0

e (_l)n 3:211
(b) Jo(z) =

0( ) T;) 22,,.,_ (n')2

, = (1) @2n)e2nt X (=) 2(n + D ‘
Jo(z) = Z (= )2275 (:’;)') = ( 2)2n+2 [((Z": 1))5'812 [Replace n with n + 1]

n=1 n=0
ad ( 1)n 2n+1 )
=— nzzo m—(m [cancel 2 and n + 1; take —1 outside sum] = —Ji(z)
0o xn o) nmn—l fore) :1,'”—1 oo 13”
35. = -_— ! = = 3 —
@i =55 = f@= X = Lo S f(@)

(b) By Theorem 9.4.2, the only solution to the differential equation df (z)/dx = f(z) is f (z) = Ke”, but
f(0)=1,s0 K =1land flz) =
Or: We could solve the equation df(z)/dz = f(z) asa separable differential equation.

. 1 o o . d /s
36. |_s_1r71L_£w_\ < 5 SO nzzjl ST converges by the Comparison Test. Iz (ﬂ;ﬁmf) = Eo—iln—w. so when z = 2k7
. X x anw) x 1 L . . " .
(k an integer), . fn(z) = Z = 3. —. which diverges (harmonic series). fn(z) = —sinnz, so
n=1 n=1 n=1T

o0 o0

S fil(x) = — 3 sinnz. which converges only if sinnz = 0, or z = k7 (k an integer).

n=1 n=1

"t n? n \’

31. If an = —5. then by the Ratio Test, lim }=-=| = = lim_ CESERES = |z nh—vn;o(m> = lof < 1for

wn

x 1 .
=3 — which is a convergent p-series (p = 2 > 1), so the

convergence, so R = 1. Whenz = *1, Z
n=1 n

n=1

interval of convergence for f is [—1,1]. By Theorem 2, the radii of convergence of f’ and f” are both 1, so we need
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) 0 g , 00 Tll‘n—l oo x'n ) ) )
only check the endpoints. f(z) = il flz)=3 =3 pel and this series diverges for
n=1 n=1 n=0
z = 1 (harmonic series) and converges for z = —1 (Alternating Series Test), so the interval of convergence
oo n—1
is[-1,1). f'(z) =Y oz diverges at both 1 and —1 (Test for Divergence) since lim —— = 1 # 0, so its
ne1 n+1 n—oom + 1

interval of convergence is (—1,1).

= o1 &0 d n_ d[& _a 1 _ 1 oy 1
38. (a)nglnm = z" =7 [Z z‘n}—dm[ }— (1_x)2( )= ———=.|z| < 1.

= dz z |, -z -2
() () Z nz" = xnzlnm =z [(1 —lx)2J [from part (a)] = a—z_a:)Q for |z| < 1.
(i) Putz = £ in (i): 21 2—" = én(g)” = % =2
© O 3 n(n - 12" = 2* £ nln— 1) = [z na" lJ o . jz)z
- x2(1 fz)a - (12_"”1)3 for |z] < 1.
(i) From (b)ii) and (c)(i), we hav nﬁ; v f_’jl "22; S S =426
241

-1 _ = n . 1
39. By Example 7, tan ™! z = nZ(—l) 1 for |z| < 1. In particular, for z = % we have

o ()5 B S

()" o0 e
g (2n+1)3n :2\@; (27(L+i)3n
40. (a) /WZL :/I/Z\dxz_ [m—1/2= (V3/2)u. u=(2/v3) (z - 1/2)
o T-z+l Jo (z-1/2)2+3/4 dz = (v3/2) du

[0 _B2)du a3 i -
N /—1/\/5 B+ - s s = % [0 - <*g>} =3/
1 1 )

1 1
5 +1 (m+1)(z2—m+1) = 2*x+1:(x+1)(1+x3>:($+1)l_—(—73)

CL‘-f-l) Z( ln SnZZ( l)n 3n+1+z( l)n 3"f0r[:c]<1 = /h

(b)

2 —z+1
:CJFTLZZO( 1H" 3::22 n{;—) il pforlzj <1 = / ~x+1
:nz::o(-l)" [4.8n(§n+2)+2 8"(;n+ J*ii <3n+1+3n1+2)
BYPart(a),thiseQuals%,sow- 712:0 1)"(3n+1+3n1+2>'
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11.10 Taylor and Maclaurin Series

£ (a)

1. Using Theorem 5 with Y~ bn(z — 5)", b = 0
n:

n=0

,SObs:

f®(5)
8

2. (a) Using Formula 6, a power series expansion of f at 1 must have the form f (1) + f'(1)(z — 1) + - - - . Comparing
to the given series, 1.6 — 0.8(z — 1) 4 - - -, we must have f'(1) = —0.8. But from the graph, f'(1) is positive.
Hence, the given series is not the Taylor series of f centered at 1.

(b) A power series expansion of f at 2 must have the form fRQ+F@@E-2)+ 3 @)(=~- 2)2 4.
Comparing to the given series, 2.8 4+ 0.5(z — 2) + 1.5(x — 2)* - 0.1(z — 2)3 + - - -, we must have
1f"(2) = 1.5; thatis, f”(2) is positive. But from the graph, f is concave downward near z = 2, so f"(2) must

be negative. Hence, the given series is not the Taylor series of f centered at 2.

3 We use Equation 7 with f(x) = cosz.
(n) (n)
n|f (x) f (0) // 3) (4)
0) £200) 5, f (0)
0] sz | 1 cose = £(0) + £/0)z + Lia? + I LUP
1| —sinz 0
.’1:2 ( TL 2n
_ -1 1T L =
2 cosz 1- 5 + Z (2n)'
3 sinx 0
4 cosT 1 (—1)" 2"
n = ~—a—,th
Ifa @n)! en
2n+2 | 1
o am ) g |2 G e gy o =0 < 1 forall o,
Jim (== = i G e | Tt 2n2) (20t 1)
So R = oo (Ratio Test).
4. ™ (0) = 0if n is even and Fer(0) = (—1)"2%" 1 so
) ™ (0
n f' ;:c) f 0( ) . oo M . § FCrt1) () £ 0) g
0 sin 2z sin x—"}::() - 2 Gny 1)
1 2 cos 2z 2 st amal
. 1)n2 n "
—2?5in2 0 N Gl ) i S
2 2°sin 2 nZO CTES
3 | —23cos2z —23
4| 2'sin2e 0 S PV D -/ s | TP
n—oo | Gn n—o00 (271 + 3) (21’1 + 2)
so R = oo (Ratio Test).
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f(x) £(0)

—60(1+z)7% | —60
360(1 + )" 360

n

0 1+xz)® 1
1| -3(1+z)* -3
2| 12(142)° 12
3

4

" (4)
(1+2)7% = £(0) + f(0)z + (, )2 4 f3( Sy 1 4,(O)m4+
4.3 5-4-3 6-5-4-3
-1 2 — 28 4 _
3+ —— o1 3 + a0 T
4.3-2 5-4-3. 6-5-4-3-2
= 1 —_ 2 —_ 4 -
N T S 3' 2 "
ED)"n+2)!2” & (~D"(n+2)(n+1)z"
B Z 2(n!) n; 2
. antr n + 3)(n + 2)z"*1 2 ,
nlLII;o o Jim ( I 5 ) . W DT | - |:1c|nh_’n;0 i || < 1 for convergence,
so R = 1 (Ratio Test).
117
In(1+z) = £(0) + f'(0)z + == (0) z2 mws
n| @ |0 3
@0 (5)
0| In(l+az) 0 f4,() oty ()w5+-~-
5!
-1
1 (1+2) i 1 —x——x—l— :v 264.7:44-%1‘5—'-'
2 —(1+2=) -1 P S S o (—1)"t
3| 2040 | o A T i S Ve
n=
4| -61+z)"*| -6 n
( )_5 lim |ZLf g (2 - LA 2] |z| < 1 for
5| 24(1+ ) 24 n=oo| an | n—co|nt 1 on| T nbse I+ 1/n '
convergence, so R = 1.
5z f (0) n 5 n
e = " = —z
n | f™@) | ™) nzzo n! nZ:() !
0 e’ 1
1| 5e 5 lim [ = iy [5n+1 o™ _n!
2 | 525 25 nmeel an |onmeo | (n4 1)l B g
3 5z . 5
3 5465 125 = lim nl_—::ll =0<1forall z,s0 R = co.
4| 5% | gos e
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10.

1.

™ ()

w v = O3

ze”

(z+1)e”
(z +2)e”
(z+3)e”

F™ (x)

=W o = Oof 3

sinh
cosh x
sinh
coshzx

sinh z

F™ ()

£™(0)

w N o= o3

coshx
sinh z
cosh

sinh x

o = O =

F (x)

7™ @)

s oW o ko3

1+:v+:1:2
1+ 2z

o O N o

INFINITE SEQUENCES AND SERIES

n=0 n=0 n=1 n n=1
n+1 _ 1
n—oo an n— oo n! lxl n— oo
all ¢, s0 R = oo.
f(")(O) 0 if niseven Ch i 2+l
= sosinhz = .
1 if nisodd o (2n +1)!
2n+1
Use the Ratio Test to find R. If an, = -———=, then
(2n+1)!
2n+3 |
fim |9 = i |2 (@2n+1)!
n—oo | an nooo | (2n+3)! x2nt!
2 . 1
—22. lim ——————— =0<1
T 2n+3)(2n+2)
for all z, so R = oo.
™ (0) 1 if niseven b io: 22
" = socoshz = —_—
£ 0 if nis odd n=o (2n)!
l_2n
Use the Ratio Test to find R. If an = ———, then
(2n)!
2n+2
. an . x (2n)‘
nl—l—I»I;o an | nh—{go (2n+2)!
2 4 1
=z°- lim =0<1

e 2n+2)2n+ 1)

for all z, so R = oo.

f(z) :7+5(x—2)+%(m—2)2+ 23%(3:—2)

=745 —2)+ (& —2)°

Since an, = O for large n, R = oo.

n



12

n | fM() | f(-1)
0 z3 -1
1 32 3
2 6x —6
3

4 0
5

13. Clearly, f™(z) = €®, so FM(3) = e and e® =

An41
an

lim

n—oo

14.

F™(2) =

An+41
an

lim
n—oo

15.

cosz = Z f
k=0

An+1
Qn

lim

n—oo

n—oo

)" n—1)!
2n

_lz=2

SECTION 1110  TAYLOR AND MACLAURIN SERIES O

%(x+1)3

f@)=-14+3@z+1) - S(z+1)* +
=-143(z+1)-3(x+1)> + (z+1)°
Since an, = 0 for large n, R = co.

I
nLngo n+1
(k)
(ﬂ-) (1_ _ ﬂ_)k - _
= lim e Wl2n+2
T oo (2n +2)!

oo 63 3
Z —'(.’B - 3)” Ifan = "
n=0 T
e3(z — 3)nt! n! - lim |z — 3|
(n+1)! e3(z —3)"|  noeo n+1
n | f™M@) | M)
0 Inz In2
1 z71 1
2 —z7? —i
3 2273 2
4 -3-2¢c7% | 32

< Lforconvergence,so |z — 2| <2 = R=2

n-

|z —
2
n | f™@) | ()
0 cosz -1
1| —sinz 0
2| —cosz 1
3 sinx 0
4 cos -1
(@-m° @-m' (2
2 ot
! _
SCI
|z — 7| n—oo (2n 4 2)(2n + 1)

o _1\n—1 _ n
fornzl,solnx=1n2+z( D" (z-2) _

n=1

217.

(z-3)",

=0<1forall z,s0 R = oo.

R nt1 (@ —m)*
— .._nz::()(__l) +1 -

=0<1forall z,s0 R = oo.

then

943
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16. sinx = § ————f(k) (r/2) (.7: - E)k
n f(")(:z:) f(n)(ﬂ/g) 5=0 k! 2
0 sinx 1 -1 (z— 7/2)% | (z— ”/2)4 (z — m/2)°
1| cosz 0 -7 BT + T - N
! ! 6!
2 | —sinz -1 = o (@ —7m/2)%"
3| —cosz 0 B nzzzo(—l) (2n)!
4 sinx 1
. Qn+1 . |z — 7l’/2|2n+2 (2n)! ] |z — 7r/2|2
hm——:hm[ . = lim ———— =
n—oo | an n—o00 (2n +2)! Iz — /2 m @nt+2)@2n+1) 0 < 1forallz,
so R = oo.
11.
n| ™) ™)
0 /2 3
R
2| 2 | (D)3
3| B | b9 (D)
1 :1__1_(x_9)+ 3 (-9?2 35 (-9 L
Ve 3 2-3% 22.3% 2 23.37 3!
& n1-3-5~-~~(2n—1) n
—ngo(—l) n 5t (x —9)™.
i 12252 = i 135 - @n-DREn+1D) -1z -9 gn . g2n+l !
oo | @p | n—oo on+1 . 32(n+1)+11 . (n + 1! 1-3.5-----(2n—1)|z— 9"
. (2n+1) |z — 9| 1
= -~ e = = —_ 1
nhl‘io[ 2. 3(n+1) glz—9l<

for convergence. so |z — 9] < 9and R =9.

)2 13 _1)4
18. m—z:1_2($_1)+6.u_24.u+120.(1__1)__
(n) (n) 2! 3! 4!
[ 1@ [ SO0 ] . )
R - —1-2z-1)+3@—1)°—4—-1)P+5@ - =
— -3 — = n n
Ly~ 2 =3 (D)D) - D™
2 6 6 n=0
3| —24z7° | 24
4 | 120z~° 120
) Ant1 . (n+2)]z— 1t . n+2 )
= ~ = . — = -1 1 f e, R=1.
Jerolo = Jim CEES I nli’moo e |z — 1] |& — 1| < 1 for convergence, SO




19.

20.

21,

24

25,

26.

2].

28.

29,

. coOST = § (-D)"=— = f(z) = cos(mz) = §

SECTION 11.10  TAYLOR AND MACLAURIN SERES O 945

f("“)(:z;)‘ < 1, s0 by Formula 9 with @ = 0

If f(z) = cosz, then f™+Y(z) = +sinz or & cos z. In each case.

1
Rn(z)| < m

by Theorem 8, the series in Exercise 3 represents cos z for all z.

and M =1,

|z[**!. Thus. |R,(z)] — Oasn — oo by Equation 10. So nh_)n;o R, (z) = 0 and,

f("'“)(x)’ <1, so by Formula 9 with a = 0

If f(z) = sinz, then f"*V)(z) = +sinz or % cosz. In each case,

and M =1,

n+1
R, (z 5—1— z— = . Thus, |R,(z)| — 0 as n — oo by Equation 10. So
(n+1)! 2

lim R,(x) = 0 and, by Theorem 8, the series in Exercise 16 represents sin x for all z.

n—oo

If f(z) = sinh z, then for all n, f™*)(z) = coshz or sinh z. Since sinh z| < |coshz| = cosh z for all z, we

have lf(”“)(m)l < coshz for all n. If d is any positive number and |z| < d, then lf(”+1)(:1:). < coshz < coshd,

coshd |a:|"+1
(n+1)!
as n — oo for |z| < d (by Equation 10). But d was an arbitrary positive number. So by Theorem 8, the series

so by Formula 9 with a = 0 and M = cosh d. we have |R,(z)| < . It follows that [R,, (x)| — 0

represents sinh z for all z.

If f(x) = cosh z, then for all n, F"* () = cosh z or sinh z. Since [sinhz| < |coshz| = cosh z for all z, we

have ]f("H)(w)’ < coshz for all n. If d is any positive number and |z| < d, then f("“)(z)’ < coshz < coshd,

so by Formula 9 with a = 0 and M = cosh d. we have |Rn(z)| < (C%hl‘;
n !

as n — oo for |z| < d (by Equation 10). But d was an arbitrary positive number. So by Theorem 8, the series
represents cosh z for all z.

|z|™**. It follows that |R,, (z)| — 0

(_l)n(ﬂ,w)Zn (_l)nﬂ_2nm2n

= (2n)! = (2n) =,§0 (2n)!

,R=00

=S5 % f@eero S EHA R

n=0 7¢ n=0 n! n=0 2nnl
. 2n+1 L 0o 2n+1 .
-1)” = =xtan~ = —-1)" = —1)"
P ) 1 fl@)=ztan™'z =2 3 (1) T I nX=:O( 1)

n=0

x2n+2

2n+1°

[

[}

=

8

I
8

R=1

o 2n41 oo 4\2n+1 I _1\n
sinz = (—1)”(;T_'_1)! = f(z) =sin(z*) = n{:{)(—l)"% = > (Z(Ti)l)!xan' R=

n xn+2

! ,R=00
n=0 T n=0 n! n— n!

IO ) RN G Vi
2 T Gt 7 ocos2e= X (-1) (;n)! :,_0( (2)n).’
2) = zeos2e — S (ZD"2"
f(z) = zcos2 _nZ::o o)

sin’z = & —cos2z) = 11 R (=1)"(2z)*" _ 1 > (=1)*(2x)*
(1 — cos 2) 2[1 P T J_gll—l-nz:jl\(zn)! J

22" R =

_ i (_1)n+122n—1z2n

(2n)! =00
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(14 cos2z) = +Z 2] ;[+1+ZM

n=0

30. cos’z =

N =

_ R (_1)71 22n—1w2n B
=1+ 7;1 —W— R=o00

Another method: Use cos®>z = 1 — sin? z and Exercise 29.

3 1 2 (=1)" 2n+1 1" 2n
3. %:E = p > ( (211 _f ] = Z (2 )+ ! and this series also gives the required value at z = 0 (namely 1);
n=0 . n=0
R = o0.
3 T° sinz _ E (-1)"z? ! _1 oz Z (—=1)"z?t? _ 1 2 (—1)nHig?nts
$3 n=0 (271 + 1)‘ I n=1 (2n+ 1)' n=0 (2n + 3)'
1 = ( 1)n1_2n+3 o ( )n 2n ) ) ) .
=3 ngo W :éo @n+3)! and this series also gives the required value at z = 0 (namely 1 /6);
R=o00
33.
] @ | ™0
0 (1+2)'/? 1
1| a+a)7? i
2| —t(1+2)7%7 -3
3| 2+ 3
4| -B1+x)7"? —1
n—l PR -—
So f™(0) = (-1) 1-3 '25n (2n = 3) forn > 2, and
" '1-3-5---(2n—3) _ o 11.3.5-----(2n—3) ,
Vifz=1+3 +Z = o fan S z",
s , 1-3-5----- (2n —3)(2n — Dz"*! 2™n!
then lim \= = = % 2n+i(n + 1)! 1.3.5 - (2n— 3)z"
|| 2n—1

= lzl .2 = |z| < 1 for convergence, so R = 1.
2 n—=oo n+1 2

2 T,

Notice that. as n increases, T () becomes a better approximation to f(z) for -1 <z < 1.



oo (_ o0 2n ) 1‘2
23, m(ll)z_ s0e ® = ——. Also, cosz & Z (-1)™

= e
f(w):e_12+cosx:Z(—l)"(i'+ 1 )172"—2—

3 o 13
o (2n)!

SECTION 11.10 TAYLOR AND MACLAURIN SERES O 947

B, 184 121,
2 24" T 720
The series for ™ and cos z converge for all &, so the same is true of the series for f(z); that is, R = co. From the

graphs of f and the first few Taylor polynomials, we see that T, (z) provides a closer fit to f(z) near 0 as n
increases.

35. cosz = 720(«1)" (3:;' = f(z) = cos(a?) = § (=" (xz) i

oo 1)" 4an
] = ( ) N R =0
n=0 (2TL) n=0 (271)
15 Notice that, as n increases, Ty (z)
( —
T,=T,=T,=T, becomes a better approximation to f(x)
-5 N s
4 “.| Ty=T,=T,=T,
i [ AN
ki
| U }
-1.5 T T5 = T(,
36. 2% = (61“2)z 8 f
= e* In2 r
AT
i‘é (zln 2) PE
. 2
n=0 ! .
X (In2)" z™
Z ( ) R = oo. b
Notice that, as n increases, T}, (z) becomes To
3
a better approximation to f(x)
J
-2
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e =) 2'_ $0
"0 n:
oo
_ (=0.2)" _ 3, 1 s 1 5, 1 6
_Z:O — =1-02+ 7 (02 !(0.2) +Z(0'2) —5(0.2) +5(0'2) _

n

1 - 5. (-
@(0'2)6 = 8.8 x 1078, so by the Alternating Series Estimation Theorem, e 0% x Z (=02)

correct to five decimal places.

oo (_1\7 p2n+l
38 3° = % radians and sinz = EO (—(2%_?1—)' $0
w\3 w\%
I € N ;) U AU o, SR
60 60 3! 5! 60 1,296,000 = 93,312,000,000

5
But m < 1078, so by the Alternating Series Estimation Theorem,
sin g5 ~ g5 — '__1 96006 ~ 0- 05234.

39, cosz = Z( n” ) = COS(l‘S)_Z( l)n(ér)b)' Z("l)n(‘;_n_)_' =

n=0 n=0 n=0

6n+1 x

x cos(z )—Z( )" 5! = /mcos(ms)da:—C-{—Z( H" W,wan

=0

sinz 1 & (-2t = (=)= n
40- T - :Bngo (2n+1)' - Z—O (2n+1)| , SO
sinx ( Nz 2n _ o (_1)nw2n+1
/ dx'/n ) Ot Nt neat 1)

41, Using the series from Exercise 33 and substituting > for z, we get

/de:/[l—k%%—i (~1)""11-3-5----- (2n_3)x3"}dm

n=2 2"71'
4 oo (=1)"'1-3-5----- (2n —3) 3011
=Crotg+ 27nl(3n + 1)
ad n T oo n—1
2 (11) T e —1 T
_1= il = =
12 Z n! ! T; n! = T n2:1 n!

--. But

~ 0.81873,

Q.
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o0 6n+42 1
43. By Exercise 39, /xcos ) dz =C + -1 "m——.so/ zcos(z®) dzx
y @) ;( @ ), Teos@)

B . 6n+2 i n l B 1 N 1 - 1 4o but
- nz_:o(_) (6n + 2)(2n)! pa 6n+2 2 8-20 " 14-41 20-6! ’
L __1 0.000 069, so /1 mcos(a:?’) dzr ~ 1 i + L5 0.440 (correct to three decimal places)
2061 14400 S0 Y2716 733 P
by the Alternating Series Estimation Theorem.
44. From the table of Maclaurin series in Section 11.10, we see that
oo 2+l oo 2n+1
g for:c in[~1,1] and sinz = nz::o (—1)"(;”—4_1)! for all real numbers z, so
oo 6n+3 00 6n+3
—-1/,.3 . 3y _ _1\n z _1\" E4 3. _ : .
tan™ " (z°) 4 sin(z®) = nzzo( 1) Tl +7;0( 1) Gnr ) forz®in[-1,1] <« zin[-1,1]. Thus,
0.2 0.2 oo omis 1 1
I= t Ndz = "
/0 [tan~ ! (z®) + sin(z®)] dz = / -1)"z <2n+1+(2n+1)!>d$
=S} 6n+4 1 1 0.2
nz;; 6n+4<2n+1+(2n+1)!) .
S 2 (0.2)07F /g 1 0.2)* 02)° /71 1
=> (- 6) ( + ,):( )(1+1)—(—)—<—+—>+~-
= n+4 \2n+1 (2n+1)! 4 10 \3 3!

0. 2 10 1 0.2)*°
( ) <3 + 3'> = % =5.12x107% so by the Alternating Series Estimation Theorem,

—~

0.2)*
2) = 0.000 80 (correct to five decimal places). [Actually, the value is 0.000 800 0, correct to seven

I~

decimal places.]

45. We first find a series representation for f(x) = (1 4+ z)~'/2, and then substitute.

n () F™(0)
0 (1+z)71/? 1
1| —3(1+2)73/? -3
2| 3(1+4x)757? 3
3| R (1+z)77/2 -1

| o5

(5) 56 = b
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46.

4].

48.

49.

50.

51.

0.1 dx _ :B—l.'z:4+—3—1;7—im10+ 0.1N(01) 1(01)4b the Al o Ser
) ] 56 32 , ~ (V. sV , by the Alternating Series

Estimation Theorem, since % (0.1)7 ~ 0.000000 0054 < 10~8, which is the maximum desired error. Therefore,

0l dg

0 x

0.5 05 oo n ., 2n+2 oo n_2n+371/2 o n
9 _g2 -1)"z -1)"z -1 .
/ xe’”dm-:/ Z(—'-)'—d.’l,‘zz (—,—)———] :Z'—(lﬁandsmcethe
o 0 n=o0 n! noo | P(2n+3) |, = nl(2n + 3)227+
term with n = 2 is < 0.001, we use i (1" _ 1 1 0.0354
1792 = Zonl(2n+3)227+3 — 24 160
1 1.3, 1,5 1.7 1,3 1.5 1.7
. Tr—tan "z o r—(r—307+ gz —z2 4+ L 3T =+ zx —
lim ————— = lim ( 3 = I ) = lim 2 = z
T— x z—0 ;1,‘3 x—0 ;1;3
—lHm(L 12014 . )=1
_ilf%)(:s 5T+ 7T )=3
since power series are continuous functions.
. 1l—cosz 1—(1—%:1:2—}-%;1;4—%1364_...)
lim ————— = lim 13' 1:' 12' T T
z—01+1x—e” z—»01+z—(1+:c+§z + g2+ gt + 5 + 57T +)
1,2 1,4, 1.6
- lim 5T — 3% Tt —
= 1 1 1 1 i
a—0 — L2 — Lg3 — Lot — La5 — Lad -
11,2, 1,4 1_
lim g a® ta? — = 2 O——1
= T 1 1 1 1 =1 =
w—»O——,——!w—zwz—ax?’—am“— —5'—0
since power series are continuous functions.
sing —z + a3 . (z— I L R e e
lim 5 = lim = 2! z
z—0 5 z—0 5
Lt - AT+ (1 2 &t 11
— lim & 7! = lim| = — 4= | == = —
z—0 5 z—0\ 5! 7! 9! 5! 120
since power series are continuous functions.
1,3, 2.5 1,34 2.5
tanz — . z+ 3z + 5 +) X . 3T+ X 4
lim = lim (243 18 ) = lim & 12 =lim(3+ 22 +---) =3
xz—0 €T x—0 €T x—0 X x—0
since power series are continuous functions.
2 4 6 2 4
2 T x x x T
As in Example 8(a), we have e™® =1 — T + 5T 31 + --- and we know that cosz = 1 — o7 + T
2 ‘e
from Equation 16. Therefore, e™® cosz = (1 — 2?43zt — ) (1 - 12 + §;z* —---). Writing only the

. _a? 2 4
terms with degree < 4, we gete™® cosx:1—%9:2+§m4fx2+%m4+%m4+--~:1—%1 + 28zt
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92. 1+ 322+ Za* +-
1,24 1.4
1—’2"1‘ +24.’E 1
1.2 4
1—233 + 542
1,2 1.4,
2T° — T+
1,2 1.4
5,4
5,4
1 (e 1
secx = = . From the long division above, secz = 1 + 1 z i
1 1.4 24
cosx 1- 3522 + 5524 -
1.2, 7 .4, ..
53. 1+ 35z + 3502 +
3 1.5
T— 5T + 1552 — T
1.3, 1 .5 _
T— T + 137
1,3 _ 1 .5
5T 26T
1
6

ml
DI~
(=]

o

HW

|
I g B
(.3 av‘
+ |+

w
(=2}
o

z_ (15 z - z
; . F the | d ,— = 1
pr o —a:3 " mzf’ rom the long division above P 14 w + 360x + -
54. From Example 6 in Section 11.9, we have In(1 — z) = —z — 1% — %CES — -, |z| < 1. Therefore,

e’ ln(l —z) = (1+$+ 2y ) (= z—%zz_lf"_...)

——p_1,2_ 1.3 2 1.3 13
=TT 3T — 3T -2 — 31— g1t —
— 3.2 4.3

=—z -3z 3T lz| <1

55. L( 1)"’”—,— ! z,) =" by (1),

n=0

R VIR
% 2 T 62"(2n) =20 ((Ei), = cos § = 2. by (16).

oo ( l)n 2n+41 0o ( 1) ( )2n+1 .
57. = = ™ _ 1
Z o 42n+1(2n + 1)1 nX:“o 2n + 1) sin § ﬁ,by(IS).




952 O CHAPTER11 INFINITE SEQUENCES AND SERIES

58. fj -3 (3/5) = ¢%/5 by (1),

5"71' n=0

9 27 81 31 32 3 3¢ o 3n 3"
R RS RAREE R R B DIt BN 10

(In2)®> (In2)® ® (—=In2)" In n2y— _
60_1_1n2+T_T+...:n§0£._):e 12:(61 2) 1:2 1=%.by(11).

61. Assume that |f"/(z)] < M, so f”'(z) < M fora <z < a+d. Now [7 f"(t)dt < [ Mdt =
f'(z) = f"(a) < M(z—a) = f"(z)<f"(a)+M(z—a) Thus. [ f'(t)dt < [ [f"(a) + M(t —a)]dt
5 f@) - (@) < @)z -a)+iME-a? = [(2)<f@)+"@)(z-a)+iMz-a)?® =
JEF @ dt < [7[f(a)+ ()t —a) + 3M(t —a)*]dt =

(z —a)® So

f(z) = f(a) < f'(a)(z - a) + 5" (a)(x — a)* + gM
M (z — a)®. But

=

f(z) = f(a) = f'(a)(x —a) = 3f"(a)(z — a)* <
Ry(z) = f(z) — Ta(z) = f(x) — f(a) — f'(a)(z —a) — 2" (a)(z — a)? 50 Ra(z) < M (z — a)d.
A similar argument using f'”(z) > —M shows that Ry(z) > — M (z — a)®. So |Ra(z2)| < §M |z — al?.

Although we have assumed that z > a. a similar calculation shows that this inequality is also true if z < a.

ifz#0

6-1/3:
62. (a) f(z) = { O
0 ifz=0

_ —1/z?
() = zh_%f_(w_rz__%@ = ili% € — = il_.n}) 6115:2 = ill% 2(;/ > = 0 (using 'Hospital’s Rule and

simplifying in the penultimate step). Similarly, we can use the definition of the derivative and 1'Hospital’s Rule
to show that f”(0) = 0, f®(0) =0..... £ (0) = 0, so that the Maclaurin series for f consists entirely of
zero terms. But since f (x) # 0 except for z = 0, we see that f cannot equal its Maclaurin series except

atz = 0.

(b) 0.002 From the graph, it seems that the function is extremely flat at the

origin. In fact, it could be said to be “infinitely flat” at = 0, since

all of its derivatives are 0 there.

L
—=0. 0.
0.4 o 4
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LABORATORY PROJECT An Elusive Limit

1 _n(x) sin(tan z) — tan(sin x)
- f(@) = d(z)  arcsin(arctan ) — arctan(arcsin z)

z f(=z)
1 1.1838
0.1 0.9821
0.01 2.0000
0.001 3.3333
0.0001 | 3.3333

The table of function values were obtained using Maple with 10 digits of precision, The results of this project will

vary depending on the CAS and precision level. It appears that as z — 07, f(z) — L. Since f is an even function,
we have f(z) — 2 asz — 0.

2. The graph is inconclusive about the limit of f as z — 0.
4

—0.01 0.01

-2

3. The limit has the indeterminate form g. Applying I’Hospital’s Rule, we obtain the form % six times. Finally, on the

n(z) 168

seventh application we obtain zh—% N (z) ~ 163

1.7 29
—35T B ...
4. hm f(z) = lim (z) s 80 s
z—0 d( ) z—0 ——9:7+756:v9+--~
7
— lim (-3 — %52 to)/e
20 (—gpa” + 2229 ... /7
1 29 1
— lim —36 el + L _ T30
=20
70 — 35 + T x? 4 - T30
Note that (") (z) = d( (z) = —35 = —2340 — _168, which agrees with the result in Problem 3.

5. The limit command gives the result that lim0 flz) =1

6. The strange results (with only 10 digits of precision) must be due to the fact that the terms being subtracted in the
numerator and denominator are very close in value when || is small. Thus, the differences are imprecise (have few

correct digits).




954 O CHAPTER11 INFINITE SEQUENCES AND SERIES

11.11 The Binomial Series

1. The general binomial series in (2) is

Sy A k(k—1) 5 k(k—1)(k—2) 3
A+2)f =Y | |a" = 1+ka+ —F—a" + 4
—\n 2! 3!
© (1 1y(_1 1y (_1y(_3
(1~|—x)1/2 Z(;)m"=l+(%)$+ (z)g! 2)m2+ (2)( ;)( 2)m3+
=0
_1+m z? +1 3.22 1-3.5-z*
- 2 22.2 - 3! 24 . 4!

=1+ )= (_714> 2™. The binomial coefficient is

(—4) (D56 (c4—n+D) _ (A(H)(6) - [=(n+3)]

n! n!

(—1)"~2-3~4-5-6-~--~(n+1)(n+2)(n+3) _ (-D)*(m+1)(n+2)(n+3)

2-3-n! 6
Thus, 1ta" .S (1) (n+1)én+2)(n+3)wn for|z| < 1,so R =1.
+z n=0
1 1 1 -3 1.2 [-3)/z\" - o
3. = =—(14+ = == =) . The binomial coefficient is
2+z)?°  [20+z/2)° 8( 2) 8 l}( >(2>

n n! n!

(—3) (BB (3-nt ) (B)(EA(EE) [ (nt2)]
(—1)"~2~3-4-5---~(n+1)(n+2) _ (-D*(n+1)(n+2)

2-n! 2

L ® ()t )nt2) e _ & (C) (Dot 2"
Grap 8.5 2 Py 2+

|z| < 2,50 R =2.
)( z)"

38 (Lo, 2D ED Loy

for‘—g‘ <1l &

Thus

n=0

NSRS (n

n=0

=1+ 3(-2) + 257 (o) + g
o (1) (C) 2 14T (3n—5)] ,
=1%o+ 5 7 ’

< 1-4-
=1-2z-2
3 ,,;2 3"TL'

and |—z| <1 & |z|<lsoR=1
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2! 3!
L e (=) (-1)"3.7- (4n —5)8™
=1 2m+n§2 TR
4n —5)2"

—1_9r— Z 37(
n=2

and |-8z| <1 & |z|<g.soR=1

1 1

_ 1 g\ 1R (-1 zy\n 12 (-3} (-"2"
6. V32 —z 2¥1-x/32 5(1_32> _2n§o<n>( 32) _2n§o<n 25

bl 16 5, 1611 4

1 x +...—1+§1'6 .... (5n_4)"
27 5.260 T 52.91.2110 T 53.g. 016" =2 o

The radius of convergence is 32.

1. We must write the binomial in the form (14 expression), so we’ll factor out a 4.

T _ T _ T _E<1+$_2>_1/2_E§ _% (m_2>n
Vita® 41 +2%/4) 2/1+2%/4 2 4 2,5\ n )\ 4

T x 1-3-5-----(2 1
=5t X ()" n|23‘n+(1n Jntiana & <1 & By o
n=1

T x\ —1/2 2 = _% n
v i = - w0 ) 55 ()

e nl-3:5--.-. 2n—-1) .., z
+ > (-1) T32nT1/3 " and'§|<1 < |z|<2,s0R=2.
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o

9, (1+2IB)3/4 :1+Z(2x)+ (?1)( %) (233)2-}- ( )(_711)(_%) (21’.)3_!_‘“

3 % 1:5:9 - (4n—7)
— et 3 —_1)ntt .Qnan
1+52+3 2% (-1) ol
.3 o w1159 (4n—7) 1 1
_1+—2-m+3n§2(—1) T z"and 22| <1 & |z|<§,soR~§.

The three Taylor polynomials are T1 (z) = 1 + gx To(z) =1+ —g—m - ng, and

_ 3 3, 5 4
Tg(w)—1+2:c 83: —|—16x.
2
T, .
f
T,
T,
T{-05" % 0 03

1 1
(4z)" and |[4z| <1 < |$I<Z’SOR:Z'

4

4 16
The three Taylor polynomials are T1(z) = 1 + 3% To(z) =1+ 3%~ 31‘2, and

3 9 81
T,
14 T, f
T,
T,
T
T;
- 03
0.3 ¥ 0

2

=1+ (-3)(=2%) + —5 3

x 1-3:5----- 2n—-1) 5,
_1+n§1 n . pl
1 ®© 1-3:5---(2n—1) 5,11
. 71 - —
(b) sin x*/———\/l__—lﬁdiﬂ C+fﬂ+n§1 (2n+1)2" - n! m
e 2135 (zn_l)x%“ since0 =sin"'0=C.

=z+ El (2n+1)2" - n!
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2n
n-1/2 & [(=1/2) 5, < (-1)™"-1-3-5----- 2n—-1)z
12. (a) (1+2°) ~712=20< R —1—|—n;1 o
imh~lz = [ =% __ _ 2 (17185 (Qnﬁl)x%ﬂ but C' = 0 since
(b) sinh xﬁl/m—c—l-w—}-;::l T @nt1) ,
n n+1
I AT 2 (=Ht-1-3-5----- (2n—1)2®"* R=1
sinh™* 0 = 0, so sinh :r:—m+ng1 Al @n 1) , .
o (1
B.@T+r=>10+x)3= > Z z"
n=0
a1l GED . BEDES)
Slhgrt et 3! v
_ EL: 3 n+12 5-8----- (3TL—4) n
_1+3+n§2( 1) T
b)) Y1+z=1+ 1a:~§z +8—51x — . ¥1.01 = Y1+ 0.01, so let z = 0.01. The sum of the first two

terms is then 1 + = (O 01) ~ 1.0033. The third term is §(O .01)? 22 0.000 01, which does not affect the fourth
decimal place of the sum, so we have ¥/1.01 ~ 1.0033.

ot G s (FHED D)
=1- 4w+ 51 T+ 3 7+
1= 5.9 (4n—3) .
o 4x+n§2 4n Tl'
. 1 5 , 15 5 195 , . .
O 1/V1i+z=1—-z+—2* - 234+ ¢ —~~.1/\/1.1=1/\/1+0.1,soletx=0.1.Thesumof
4 32 128 2048
the first four terms is then 1 — l(0.1) 5 =—(0.1)% - (0 1) ~ 0.976. The fifth term is

4 32 128
195

2048 ~——(0.1)* ~ 0.000 009 5, which does not affect the third decimal place of the sum, so we have

1/V1.1 ~ 0.976. (Note that the third decimal place of the sum of the first three terms is affected by the fourth
term, so we need to use more than three terms for the sum.)

15. (a) [1 + (_w)]—2 =1+ (—2)(—$) (= 2)( 3)( ) + (_2)(_3)(*4)(_:[)3 +

3!
o0
:1+21‘+3x2+4z3+---:Z(n+l)z",
n=0
z o n X n+1 e n
0 ———= =z ) (n+1)z" = Y (n+1)z"" = 3 na".
(1-x) n=0 n=0 n=1
_ L oo % 1 1
(b)Wlthz:5mpart(a),wehave2 n(3)" _nZ:lQ—n:(l_zl)2:§:2
= = 5
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16. (a) [1+

~a) =

INFINITE SEQUENCES AND SERIES
e} _3 n
> ( ; ) (=)

n=0

-3)(—4 —-3)(—4)(-5
© 3.4.5..... ) 4.5
:1+Z3 5 (n+2)z"722345 (n+2) ,
n=1 n! n=0 2.n!
I NS R .
n=0 2
(z+2®) 1+ (-2)° =zl + (-2)] ° + 2 L+ (-2)]
X (n+1)(n+2 " n+1)(n+2 o
5 >2< e 1 § DD s
n=0
> nn+1 x nn+1 o
n=1
_—_ m+_1>wn+ 52 (n—1>n ot 3[Rt | (2 e
n=2 2 n=2 n=2 2 2
:w+§n2 in -l<z<1
n=2 n=1
< n? 143 2
(b) Setting x = % in the last series above gives the required series, SO on = zl 12)3 = % = 6.
n=1 -3 8
1 1 1 1 3
1/2 (1) (=3) (22, B33 28
17. (a) (1+x2) :1+(%)$2+—22'—2-(m2) 4+ 2 5! 2 (:L_2) i
2 n—1
(-1) 1-3.-5----- (2n —3) 4,
P Z 2n -l ’“‘
£ (0)
(b) The coefficient of z*° (corresponding to 7 = 5) in the above Maclaurin series is o %O
F290)  (-1)*-1-3-5-7 a0y _ qar(1:3-5-7T\ _
o - 5 &l F49(0) = 10! 55 B = 99,225.
oo [_1
18. (a) (1+2°)"/? z( 2)(:5’)"
n=0 n
(=3)(=3) [ a2, (53)(=3)(=3) a3
=1 (o) () + SRl TR ooy L) Rl (g2
_ o (—1)"1-3-5-----(2n —1)z*"
—'1+1,‘2::1 2n . n!

(b) The coefficient of z° (corresponding to n =

O

, 20

3) in the preceding series is

(-1)°1-3.5 9.5

= fO0) =

9!

—Z 2 = —113,400.
8.2 3

9! 23 .3!
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19. (a) g(z) = };( )z‘" = ¢'(z)= §1<Z>nx”‘l,so

l+z)d(z)=(1+=z §1 (:) = il (2) nz™ ! 4 i; (2) nT

] n Replace n withn 4 1
(n+1)a” + nzo n ne in the first series

- ni:jo(n 41y k= Dk = 2)(;1'%(1;)7 ntDk=n) n
+§0 {(n)k(k (k- QT)ﬂ- (k—n+ 1)} "

= (4 Dk(k—1)(k—2) - (k—n+1)
n=0 (TL+1)'

[(k—n) +n]z™

s k(k—l)(k—2)--~(k—"+1)mn:kf(’“)z”=ky(m)

) h(z) = (1+2z)Fg(z) =

W (z) = —k(1+z)"*'g(z) + (1+ ) *¢'(z) [Product Rule]

—k(1+z) " lg(z)+ (1+2)7F kg_f_az [from part (a)]

—k(1+z) " g(x) + k(1 +z) " 1g(z) =0

(c) From part (b) we see that h(z) must be constant for z € (—1,1), so h(z) = h(0) = 1 forz € (~1,1).

Thus, h(z) =1=(1+2z) *g(z) o g(z)=(1+ z)* forz € (—1,1).

bad — n71 . . DR — n
20. ByExercisell‘ll.l,\/l—f—x:1+£+Z( D" 1:3°5 (2n —3)z"
2 ot 2n .l
1/2 1 1.3 - (2n - 3)
2 _ 2.2 9 — 271.
(1—7:) ~1~2w Z 2n - and

i
N




960 O CHAPTER11 INFINITE SEQUENCES AND SERIES

w/2 w2 © a5 . (o
L:4a/ \/l—eQSin20d0:4a/ - iesinzp -3 1200 (2n—3) 20 2ng) 49
0 0 2 n=2

27 - nl
:4aE_is_i1~3~5~-~-(2n—3) e? "S
2 27 & n! 2) "
/2 1-3.5----- (2n—1)=
where S, = in®" 0do = — by Exerci
/0 sin 5 4.6 . on 2by xercise 44 of 7.1.
2 oo 2\"
™ e’ 1 1-3:5-----(2n—-3) (e 1-3:5----- (2n—1)
L= A) ————— €
4“(2 [1 22 1;2 n! <2> 5 4.6 . on
[ 2 e 12.3%2.5%..... (2n — 3)2(2n — 1)
=2mall= =), oo nl- 27 nl
L n=2
[ 2 ©  _2n 2
B e e 1-3-----(2n—3)
=2ma 141—2-417( nl )(2”—1)]
L n=2
— 2 4 6
e 3e 5e m™a 2 4 6
—orall - 2= 2 | = —= — - — ...
ﬂ'ah 161 " 256 } 128(256 64e” — 12e” — e )

11.12 Applications of Taylor Polynomials

1. (a)
n | f™() | £7(0) T () T,=T, )
0 coszT 1 1 ( : 7=,
1| —sinz 0 1
2 | —cosz -1 1— 1g2 y
2 =27
3 sinx 0 1-— %a:Q
4 cos T 1 1—%m2+2—14m4
5| —sinz 0 |1-32%+ 42 N
6 | —cosx -1 1—%1:2—}—%904—%09:6
(b)
X f T() = T1 T2 = T3 T4 = T5 T6
% 0.7071 1 0.6916 0.7074 0.7071
% 0 1 —0.2337 0.0200 —0.0009
w | —1 1 —3.9348 0.1239 —1.2114

(c) As n increases, Ty, (z) is a good approximation to f(x) on a larger and larger interval.



2. (a)

(b)
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n | @) | ™) Tn ()
0 z 7! 1
1| —z72 -1 l1-(z-1)=2-=z
2 2273 2 +(z-1)72=22-3z+3
3| —6z~* —6 +(z-1)P2-(z-1)°=-2®+42> — 6z +4
N
T,
— T,
f
-05 - 3
-1 T3 TI
x f To | Th | T2 T3
09 | 1.1 1 {11111 1111
1.3 107692 | 1 [ 0.7 ] 0.79 | 0.763

(c) As nincreases, Ty (z) is a good approximation to f(z) on a larger and larger interval.

n | fM) | f70)

0 Inz 0

1 1/z 1

2 | —1/z? -1

3| 2/z° 2

4| —6/z* -6
f(z!(l)(x -)"=0+(z—-1)-%

n | F9@) | )
0 e’ e?
1 e” e?
2 e’ e?
3 e’ e?

-1

N

25

3 (n) e e2
Ts(z) = ngoz#(z —2)" =€’ +e*(z—2) + ?(m -2)2 4+ g(z - 2)3
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5.

INFINITE SEQUENCES AND SERIES

™ (z)

w o o= of3

sinz
COosT
—sinx

—COosT

n f(")(:v)

1| —sinz

2
3 sinzx
4

cosT

—COST

CosT

3

f(”)(m)

f(")(O)

o

3 | (22° +1)/(1—-2%)°"

arcsin x
er

m/(l — m2)3/2

- O = O

3

Tya) = 3

n=0

(n)
f__ﬂmn =z 13

n!

%

f(")(z)

n
0
1
2
3

(Inz)/x
(1 —Inz)/z?
(-3 +2Inz)/«®
(11— 6Inz)/z*

(n)
L_n#(l'*l)":(m—l)—%(mAl)Z_}_ 11

6

T

Ty

-5

(z—1)°
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9. 3 \
n| M@ |10 (
e ® 0
1 15
1| (1-2z)e? 1
2 | 4(x—1)e* —4
3| 4(3—2z)e™* 12 )
: T; f —4
(n)
T3(z) = X—:o ! n'(o)a:" =% 1+ 12"+ F2® + L2® =2 — 227 + 228
10 6 T%
n (@) ™) f
0| (3+2%)" 2
1 m(3+w2)_1/2 1
2 |33+2%)7"" | ¢
-5\ /s
0
T _ f(n)(l) 1\ Lipr_1 3/8 —12=24+%1r-1 3 (r—1)2
2(93)—2 (:L‘ 1) —2+2(.'L‘ )+ 2(.’E ) - +2(ZE )+16(.1‘ )

n=0 n!

11. In Maple, we can find the Taylor polynomials by the following method: first define f : =sec (x) ; and then set
T2:=convert (taylor (f,x=0,3) ,polynom) ;, T4:=convert (taylor (f,x=0,5),polynom) ;,
etc. (The third argument in the taylor function is one more than the degree of the desired polynomial). We must

convert to the type polynom because the output of the f 8 TyTs T,
taylor function contains an error term which we do not ( )
want. In Mathematica, we use AT
Tn:=Normal [Series [f, {x,0,n}]], withn=2, 4,
etc. Note that in Mathematica, the “degree” argument is the
same as the degree of the desired polynomial. In Derive, - T
author sec z, then enter Calculus, Taylor, 8, 0; and
then simplify the expression. The eighth Taylor polynomial is _ )
1,2, 5,4, 616 277 8 -
T8($)=1+5113 +2—4fL‘ +7,2—01' +80641"‘ 4
12. See Exercise 11 for the CAS commands used to generate the 7 T,
. . . . ( e
Taylor polynomials. The ninth Taylor polynomial for tan z is s
3, 2 17 .7 2 9
To(z) =z + 32 + %2 + 552 + saa5 2. T,
-25 ' 2.5
[ J
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13.
| @) | o
Nz 2
1 %m_lﬂ 3
2 —iz_sﬂ —%
3 %m_5/2
@ fl@)=vzrTa(z)=2+1z-4)-L2@-4)2=2+1z-4) - F@=-4?
M 3 111
(b) |R2(z)| < Bl |z —4)°, where |f"(z)] S M. Now4 <z <42 = |[zt—-4/<02 =
|z — 4> < 0.008. Since f"'(x) is decreasing on [4,4.2], we can take M = |f"/(4)| = 247%/? = 3= so
|Ra(z)] < 2256(0.008) = %3% = 0.000015625.
(c) From the graph of |R2(z)| = |/ — T2(z)|, it seems 0.00002
that the error is less than 1.52 x 107° on [4,4.2].
¥ = [Ry(x)]
4 4.2
0
14.
n| f™() | Q)
0| z7? 1
1| —2¢73 -2
2| 6z7* 6
3| —2427°
(@) f(z) =272 = To(x) (©) 0.005
=1-2c-1)+5(x-1)?°
=1-2(z—1)+3(x—1)°
M 3 111
(b) |Ra2(x)| < 31 |z — 1%, where | f"'(z)| < M. Now
09<z<11 = |z—1/<01 = 095 11
|z — 1|® < 0.001. Since f"’(x) is decreasing on From the graph of |Ra(z)| = |22 — T2 ()|,
[0.9,1.1], we can take M = |f"(0.9)| = (lf—g)g, ) it seems that the error is less than 0.0046
on [0.9,1.1].

5
|Ra(z)] < 22C2C(0.001) = 5%555

~ 0.00677404
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15.

n| @ | F0)

0 z2/3 1
2,,—1/3 2
2,.—4/3 2

2 —§$ / —9
8 .—7/3 8

3 ﬁiL‘ / 27

4 _%m—lo/S

@ flz) =2~ Ta(z) =1+ 2(x - 1) - ZL(z — 1) + 2 (¢ — 1)?

=1+2z-1)-3(@=z-1)0+&(@x—-1)>°

(b) |Rs(z)| < % |z — 1|*, where ‘ f(4)(x)‘ <M. Now08<z<12 = |z-1/<02 =

|z — 1]* < 0.0016. Since ’ f(4)(x)’ is decreasing on [0.8, 1.2], we can take M = ‘ f<4>(0.8)| — 36(0.8)"10/3,

6 (0.8)710/2

so |Ra(z)| < 2

(0.0016) ~ 0.000 096 97.

(c) From the graph of |R3(z)| = ‘mz/s — T3(z)|, it seems 0.00006

that the error is less than 0.000 053 3 on [0.8,1.2].
y=|Ry(x)|
0.8 -
0 1 12

16.

n f(")(a:) f(n) (%)
cosx %

1| —sinz —§

2| —cosz -1

3 sinx @

4 coszT %

5 | —sinz

(@) f(z) = cosz ~ Tu(z)

M, s -
®) |Ra(@)] < F7 [o = 5" where |f®)(2)| < M. Now0 <z <2 = (2—2)° < (5)°, and letting

z =2 gives M = 1,50 |Ra(z)] < %(%)5 ~ 0.0105.
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©) 0.012 From the graph of |R4(z)| = |cos z — T4(x)
is less than 0.01 on [O, %”]

, it seems that the error

27
0 3
17.

n F™(x) F™(0)

0. tanx 0

1| sec’z 1

2 | 2sec?ztanz 0

3 | 4sec’ztan®x + 2sec’ x 2

4 | 8sec?ztan®z + 16sec* ztanz

(a) f(z) = tanz ~ T3(z) = z + 32° (©) 001
(b) |Ra(x)| < % |z|*, where ‘f(“)(m)i < M. Now
0<z< % = zt < (%)4, and letting z = %
since f(4) is increasing on (O, —g)] gives
i
2 3 4
2 1 2 1
o ()] < 8 %) (75) +16(\/§) (ﬁ> (E>4 From the graph of
sV = 4! 6 |Rs(z)| = [tanz — T3(3)|, it seems that
_ 43 (%)4 ~ 0.057859 the error is less than 0.006 on [0, 7/6)].
18.

n ARICY Fm @)
0 In(1 + 2z) In3
1 2/(1 + 2z) 2
2 | —4/(1+22)2 -3
3| 16/(1+2z)® 18
4 | —96/(1+ 2x)*

@ f(z) = In(1+2z) ~ Ts(z) = In3 + 2(z — 1) — 2L2(z — 1) + & (z — 1)°

(b) |Ra(z)| < %/IT |z — 1|*, where .f(4)(z). <M. Now05<z<15 = -05<z-1<05 =

lz—1] <05 = |z—1* <&, andlettingz = 0.5 gives M = 6, s0

|Ra(z)| < % : % - 6—14 — 0.015625.
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(©) 0.005 From the graph of |R3(z)| = |In(1 + 2z) — T3(x)|. it seems that the

error is less than 0.005 on [0.5, 1.5].

05 L5
19.
n F™(z) F™(0)
0 e’ 1
1| e (22) 0
2 | (2 + 42?) 2
3 | e (122 + 82%) 0
4| e’ (12 + 4822 + 162*)
@ flz)=e” ~Ty(x) =1+ 22> = 1+2° © 0.00008
() |Ra ()| < %{- 2/, where /) (z)| < M.
Now0 <z <01 = z*<(0.1)* and
letting z = 0.1 gives
0.01 4 001 0.1
|R3($)|Se (12 + 0.48 + 0.00 6)(0,1)4z 0
24 From the graph of
0.00006. 2
|R3(z)| = |e* — (1+ 3:2)’ it appears that
the error is less than 0.000051 on [0, 0.1].
20.
n | f™M@) | f™)
zlnz 0
1| lnz+1 1
2 1/z 1
3| —1/z* -1
4 2/x®

@ f(z) =zhz~Ta(z)=(z - 1)+ 3(z— 1)* - {(z - 1)°

() |R3(z)| < % |z — 1)*, where ' f(4)(m)’ < M. Now

<4
05<z<15 = Jo—1<l = |z—1/*<L. Since } f<4)(z)} is decreasing on [0.5, 1.5], we can

take M = ‘ f<4>(o.5)| =2/(0.5)° = 16,50 | Ra(z)| < 16(1/16) = L = 0.0416.
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(c) From the graph of |R3(z)| = |z Inz — T3(z)|, it seems that the error 0.008
is less than 0.0076 on [0.5, 1.5].

¥ = |Ry(x)]|

0.5 15

21.
n () ™)
rsinz 0
1 sinz + x cosx 0
2 2cosx — xsinx 2
3 | —3sinx —xcosz 0
4 | —4cosx +sinx -4
5 5sinz + rcosx
(a) f(z) = zsinz ~ Tu(z) = Z(z — 0> + S (z — 0)* =2® — 32*
(b) |Ra(z)| < Y4 ||, where 1 f(5)(:c)‘ <M.Now—-1<z<1 = |z| <1, anda graphof f®(z) shows that
1 _
| f(5)(a:)’ < 5for —1 <z < 1. Thus, we can take M = 5 and get |Ra()] < § - 1° = - = 0.0416.
(c) From the graph of |Ra(z)| = |zsinz — Ty(z)]. it il
seems that the error is less than 0.0082 on [—1, 1].
y=|Ryx)|
-1 5 1
22.
n| f™) | f7(0)
sinh 2z 0
1| 2cosh2zx 2
2 4sinh 2z 0
3 | 8cosh2z 8
4 | 16sinh2x 0
5 | 32cosh 2z 32
6 | 64sinh2x

(a) f(z) = sinh 2z = Ts(z) = 2z + S2° + £2° = 2z + 52 + {2



23.

24.

25.

26.
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() |Rs(z)| < 47 M ||®, where \ fO(x )‘ < M. Forzin [-1,1]. we have |z| < 1. Since f‘®(z) is an increasing
odd function on [—1, 1], we see that ’ f(6)(a:)‘ < f®(1) = 64sinh 2 = 32(e? — e72) &~ 232.119, so we can
take M = 232.12 and get [R5 (z)| < 2232 . 1° ~ 0.3224.

0.03

(c) From the graph of | Rs(z)| = |sinh 2z — T5(z)|, it seems that the

error is less than 0.027 on [—1, 1]. y=|Ry)|

From Exercise 5, sinz =  + ¥ (z — -3z - %)2 — ¥3(z - 1)° 4+ Ry(x), where |Ra(z)| < — |a: -z

with ‘f(“)(z)' = |sinz| < M =1.Now z = 35° = (30° +5°) = (% + %) radians, so the error is

From Exercise 16, cosz = £ — lg(:z -3 - i(z- %)2 + Aé(a} — %)3 + 2 (z - %)4 + R4(z). Now since

x =69° = (60° +9°) = (¥ + 2 radians, the error is | R4(z)| < ( < 8 x 107", Therefore, to five

3

decimal places, cos 69° & 1 — ¥3 () — 1(Z)? L ¥B(x)3 4—18(5%)4 ~ 0.35837.
All derivatives of e are €%, so | R, ()| < (nj_ ] |z|**!, where 0 < & < 0.1. Letting z = 0.1,
01 ‘
R,(0.1) < ( 1) ————(0.1)"*! < 0.00001, and by trial and error we find that n = 3 satisfies this inequality since

R3(0.1) < 0.0000046. Thus, by adding the four terms of the Maclaurin series for e® corresponding ton = 0, 1, 2,

and 3, we can estimate e’ to within 0.00001. (In fact, this sum is 1.10516 and €°! = 1.10517.)

Example 6 in Section 11.9 gives the Maclaurin series for In(1 — z) as — 3 % for |z| < 1. Thus,

n=1

[e'e) — n [e’e) n
Inl4=1In1-(-04)]=- 3 (=04) =3 (—1)"“&. Since this is an alternating series, the error is
n=1 n n=1 n

less than the first neglected term by the Alternating Series Estimation Theorem, and we find that

as| = (0.4)° /6 & 0.0007 < 0.001. So we need the first five (non-zero) terms of the Maclaurin series for the

desired accuracy. (In fact, this sum is approximately 0.33698 and In 1.4 ~ 0.33647.)
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21. sinz =z — £z° + 52° — - .. By the Alternating Oﬁ N
Series Estimation Theorem, the error in the
N W |
approximation sinz = z — %z is less than YR e
|§2°] <0.01 & [2°] <120(0.01) <«
[z| < (1.2)"/° ~ 1.037. The curves y = z — +2° and
i ; ~ 7/ fy=sinx— 001
y = sinz — 0.01 intersect at x ~ 1.043, so the graph 0o L N J 1,
confirms our estimate. Since both the sine function and 08
the given approximation are odd functions, we need to check the estimate only for z > 0. Thus, the desired range of
values for z is —1.037 < z < 1.037.
28. cosx:l—%x2+%m44é$6+~~.3ythe 0.34
Alternating Series Estimation Theorem, the error is less
than |- 42°% < 0.005 < z°<720(0.005) <«
lz| < (3.6)}/® ~ 1.238. The curves e
_ 1.2, 1.4 B . 2
y=1- 52" + 5;2" and y = cosz + 0.005 intersect
at z & 1.244, so the graph confirms our estimate. Since
1.22 - 1.26
both the cosine function and the given approximation 032
are even functions, we need to check the estimate only for > 0. Thus, the desired range of values for x is
—-1.238 <z < 1.238.
29. Let s(t) be the position function of the car, and for convenience set s(0) = 0. The velocity of the car is
v(t) = s'(t) and the acceleration is a(t) = s”(t), so the second degree Taylor polynomial is
T5(t) = s(0) + v(0)t + @tz = 20t + t2. We estimate the distance travelled during the next second to be
s(1) = Tz(1) = 20 + 1 = 21 m. The function T3 (¢) would not be accurate over a full minute, since the car could
not possibly maintain an acceleration of 2 m/ s for that long (if it did, its final speed would be
140 m/s = 313 mi/h!)
30. (a)
n Pt (2) p{™(20)
0 onea(tvzo) P20
1 aonea(t_m) QP20
2 a2pzoea(t720) o®pyg

The linear approximation is T3 (t) = p(20) + p'(20)(t — 20) = pyq [1 + a(t — 20)]. The quadratic
approximation is

Ta(t) = p(20) + p' (20)(t — 20) + 2 "(220) (t—20)% = pyo [1 + a(t — 20) + 3’ (t — 20)7]
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b 8x1077
(b) p )
-7 T,
——————— R
2250 < J
250 5 1000
© 225x 107 From the graph, it seems that 77 (t) is within 1% of

p(t), that is. 0.99p(t) < T1(t) < 1.01p(t), for

-14°C <t <58°C.

80

125x 1078

-2

q q q q q d
NEp=-+-- —}~ =+ . 2 2 l1_(1+= )
D* (D+d)?® D? D2(1+d/D)* Dzl ( D> }

We use the Binomial Series to expand (1 + d/D)™>:
_ gy (1o d) 23 d) _2:84(d)’
E‘Dz[l <1 2<D)+ 2!( ) 3l (D) o
R P WAL ST S IR T A S |
R ORI D et

when D is much larger than d; that is, when P is far away from the dipole.

Ol

¢ R

¢ Lo

2@+ 1("23" n%
o

) (Equation 1) where

b, = \/R2 + (80 + R)> —2R(so + R)cos¢ and £; = \/R2 + (8i — R)®* + 2R(si — R)cos¢ (2)

Using cos ¢ ~ 1 gives

zo:\/R2+(SO+R)2_2R(SO+R)=\/R2+sg+2Rso+R2~2Rso—2R2:\/E:so

and similarly, ¢; = s;. Thus, Equation 1 becomes

So S R\ s, t5. =

ny no 1 n9oS; n18o ni no no — N1
—_ 4+ = = _ =9 = - P
Si So So S; R
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(b) Using cos¢p ~ 1 — —¢ in (2) gives us

to=1/R? + (s0 + R)? — 2R(s + R)(1 - 14?)

— \/R? + 53+ 2Rs, + R? — 2Rs, + Rso¢? — 2R2 + 20" = \ 2 + Rso¢® + R24?

Anticipating that we will use the binomial series expansion (1 + :r:)'C ~ 1 + kz, we can write the last expression

2 2
for £, as So\/l + ¢ (R + R—) and similarly, £; = sz'\/l - ¢2(£ - R—) Thus, from Equation 1,
s2

Si i

ni N2 1 [na2s; mnise
ei eo

R R2 -1/2 R R2 -1/2
A Es ) I R CR )
So So S5 S S §°

:@ 1_¢2 E_R_z e 1+¢2 R R2 -1/2
R si 82 R So sg

Approximating the expressions for £, * and Z-_l by the first two terms in their binomial series, we get

o) ke (d-F)]

) & mltamft=2 o0

,_.

ﬂ_m_¢Z<R+R_2>+@+nz_¢"‘<E_EE>

So 250 \ So 82 S 2s; \s; 82
ne  me¢’(R_R m  m¢*(R RN
R 2R \s; &2 R 2R \s, s32

E_'_@ ng__1+'n1¢2 R+R2
So Si R R 25, \ S0 82

R 2

So 82

znz—n1+n1¢2<§+R>

From Figure 8, we see that sin ¢ = h/R. So if we approximate sin ¢ with ¢, we get h = R¢ and h*> = ¢°R”

and hence, Equation 4, as desired.
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33. (a) If the water is deep, then 27d/L is large, and we know that tanhx — 1 as z — oco. So we can approximate

tanh(2rd/L) ~ 1, and so v> ~ gL/(27) & v =~ \/gL/(2m).

(b) From the table, the first term in the Maclaurin

(n) (n)
series of tanh z is z, so if the water is shallow, n (=) F(0)
p, 2rd ord  27d o 0 tanh x 0
we can approximate tan ~ ——. and so
PP L L 1 sech? 1
~ 9L 2md & vm/gd 2 —2sech® z tanh z 0
Tor L 5 2
3 | 2sech®z (3tanh®z — 1) -2

(c) Since tanh z is an odd function, its Maclaurin series is alternating, so the error in the approximation

1 2 3 3
tanh 22_11 27ITJd is less than the first neglected term, which is |f3—$0)| <%d> = %(%) .

1\* «®
If L > 10d, then 3 <2zd> < %(27r E) = 3175- so the error in the approximation v? = gd is less

gL =3
— . — ~0.0132gL.
than o 375 0.0132¢g

M. (@) 4,/= / = —4,/= / [1+ (~k?sin?z)]"* da
1—k2sin’z
/2 5 2 z-.2.2
=44/= / [1—- —k?sin® z) + (—ksin®z)” — 22 2 (—k* s1n2x) +- ]d
/L 1-3 1-3-5
—4 1 2 4.4
/ [ —+-< )k sin m+(2‘4)k sin m+<2.4.6> sin®z + - dz
™ 1 m\,, 1-3 1-3 7\, 4
()G () G
1-3-5\/1-3-5 = 6
+<2-4-6)(2 4.6 2)’C }
[split up the integral and use the result from Exercise 7.1.44]
L 2 12.3%2 , 1%2.3%2.52 6
=27 g[1+_k 42k —{—22‘42 5k ]

(b) The first of the two inequalities is true because all of the terms in the series are positive. For the second,

B /L 2 12.3%2 , 1%2.32.52 12 32 52. 72 s
T=2n g [1+_k 42k +22,42,62k + .42 .62. sk +-

L 1o 1,4 14 134
<om 2 1 2k ok RS SRR
_w,/g[+4 + gk g+ R
The terms in brackets (after the first) form a geometric series with a = k% and r = k% = sin®(360) < 1.

L k?/4 L 4—3k?
SoT <2 = L279%
R [H k2} g T

1.3
22
21
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(c) We substitute L = 1, g = 9.8, and k = sin(10°/2) =~ 0.08716, and the inequality from part (b) becomes
2.01090 < T < 2.01093, so T' =~ 2.0109. The estimate T' ~ 27r\/—L/—g ~ 2.0071 differs by about 0.2%.
If 6 = 42°, then k ~ 0.35837 and the inequality becomes 2.07153 < T' < 2.08103, so T" = 2.0763. The
one-term estimate is the same, and the discrepancy between the two estimates increases to about 3.4%.
35. (a) L is the length of the arc subtended by the angle §,so L = R =
0 =L/R. Nowsecd =(R+C)/R = Rsec§=R+C =

C = Rsec — R = Rsec(L/R) —

(b) From Exercise 11, secz =~ Ty(z) = 1+ 1:52 + %m‘l. By part (a),

1/L\ 5 /LY
C~R[l+§<ﬁ) +ﬂ<§>

(c) Taking L = 100 km and R = 6370 km, the formula in part (a) says that

IL? 5 L* Y
—R=R+- R = —R~ﬁ—R——2—R+Q4R3.

C = Rsec(L/R) — R = 6370 sec(100/6370) — 6370 ~ 0.785009 965 44 km

The formula in part (b) says that

L?* 5L 1002 5-100*
~ = ~ 0.785 009 957 36 km.
¢ 2R T 24R® ~ 2.6370 T 2463707 5

The difference between these two results is only 0.000 000 008 08 km, or 0.000 008 08 m!

36. T(z) = f(a) + f(a)(m a)+%(x—a)2+~~+%(x—a)". Let 0 < m < n. Then
T,(Lm)(m):m!ﬁ#(m—a)0+(m+1)(m)-~(2)f(m—+1)(2.)-(z—a)l+-~

+nn—1)---(n—m+1)

m! f™ (@) _ om
S A

37. Using f(z) = Tn(z) + Rn(z) withn = 1 and ¢ = r, we have f(r) = Ti(r) + Ru(r). where T} is the first-degree

f(a)
nl

For z = a, all terms in this sum except the first one are 0, so ™ (a) =

Taylor polynomial of f at a. Because a = zn. f(r) = f(zn) + f'(zn)(r — zn) + R1(r). Butr is aroot of f.so
f(r) = 0and we have 0 = f(zn) + f'(@n)(r — @x) + Ri(r). Taking the first two terms to the left side gives us

f@n) _ Ralr)
f(zn)  f(za)
Ri(r)
f(zn)

f'(@n)(xn — 1) — f(zn) = Ri(r). Dividing by f'(zn), we get Tn — 1 — By the formula for

Newton’s method, the left side of the preceding equation is Zn+1 — 7, S0 |Zng1 — 7| =

. Taylor’s

Inequality gives us |Ry (r)] <

1"
|f_2(!1'l |r — @, |*. Combining this inequality with the facts | f”(z)| < M and

M
|f'(z)| > K givesus |zny1 — 1| < 5K | — 7|2
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-5 -5
1. If we write f(A) = hgjzﬁf;\) 7= b/g);,) T then as A — 0, it is of the form co/co, and as A — oo it is of
ehe — e -

the form 0/0, so in either case we can use I'Hospital’s Rule. First of all,

ho a(-52"°)  _aT A2\—6 aT A4
Jim f(A) = lim ————— = : 5% i, gory = 57, Soay =0
/(T
(AT)?
Also,
: wo.al o A w_al —4\"° _ aT? A8
A S =55 I oy =5 T = 0% i o
(AT)?

This is still indeterminate, but note that each time we use 1'Hospital’s Rule, we gain a factor of ) in the numerator,
as well as a constant factor, and the denominator is unchanged. So if we use I’'Hospital’s Rule three more times, the
exponent of A in the numerator will become 0. That is, for some {k;}, all constant,

H . 273w . A2 A ow . 1
Jm FO) =k lim Sy = ke lim, e Sk lim, gy S ke lim s =0
22z . hc
2. We expand the denominator of Planck’s Law using the Taylor series e* = 1 4 z + = + 37 +--- withz = NeT®

and use the fact that if A is large, then all subsequent terms in the Taylor expansion are very small compared to the
first one, so we can approximate using the Taylor polynomial 77 :

) = 8rheA™® 8mheA ™5
AN L ke (1( e\ 1(he N ]
€T T 20\ 3T ) T 31\ XkT
8theA™®  8mkT

~ he o
(1+ ) -1
which is the Rayleigh-Jeans Law.

3. To convert to um, we substitute A/10 for X in both laws. The first figure shows that the two laws are similar for
large A. The second figure shows that the two laws are very different for short wavelengths (Planck’s Law gives a
maximum at A & 0.51 pm; the Rayleigh-Jeans Law gives no minimum or maximum.).

500 2x10°
N e \ ™

\ Rayleigh-Jeans
\
Planck \
1

\
\

0
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4.

5.

1"

From the graph in Problem 3, f(A) has a maximum under Planck’s Law at A = 0.51 pym.

1.25 X 10° 1.25 %107

Betelgeuse
0 * 2

Sun
As T gets larger, the total area under the curve increases, as we would expect: the hotter the star, the more energy it

emits. Also, as T increases, the A-value of the maximum decreases, so the higher the temperature, the shorter the
peak wavelength (and consequently the average wavelength) of light emitted. This is why Sirius is a blue star and
Betelgeuse is a red star: most of Sirius’s light is of a fairly short wavelength; that is, a higher frequency, toward the
blue end of the spectrum, whereas most of Betelgeuse’s light is of a lower frequency, toward the red end of the

spectrum.

Review
CONCEPT CHECK

. (a) See Definition 11.1.1.

(b) See Definition 11.2.2.
(c) The terms of the sequence {ax } approach 3 as n becomes large.

(d) By adding sufficiently many terms of the series, we can make the partial sums as close to 3 as we like.

. (a) See Definition 11.1.10.

(b) A sequence is monotonic if it is either increasing or decreasing.

(c) By Theorem 11.1.11, every bounded, monotonic sequence is convergent.

. (a) See (4) in Section 11.2.

oo
. 1 . .
(b) The p-series E ) povs is convergent if p > 1.
n=

. If 3" an = 3, then lim a, =0and lim s, =3.
n—oo

n—oo

. (a) See the Test for Divergence on page 718.

(b) See the Integral Test on page 724.

(c) See the Comparison Test on page 731.

(d) See the Limit Comparison Test on page 732.
(e) See the Alternating Series Test on page 736.
(f) See the Ratio Test on page 742.

(g) See the Root Test on page 744.
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6. (a) A series Y ax, is called absolutely convergent if the series of absolute values ) |an| is convergent.
(b) If a series ) a,, is absolutely convergent, then it is convergent.

(c) A series Y an, is called conditionally convergent if it is convergent but not absolutely convergent.

1. (a) Use (3) in Section 11.3.

(b) See Example 5 in Section 11.4.

(c) By adding terms until you reach the desired accuracy given by the Alternating Series Estimation Theorem on
page 738.

8 () Y en(z—a)”
(b) Given the power series )~ ; cn(z — a)™, the radius of convergence is:
(i) 0 if the series converges only when z = a
(ii) oo if the series converges for all z, or
(ii1) a positive number R such that the series converges if |z — a| < R and diverges if |z — a| > R.

(c) The interval of convergence of a power series is the interval that consists of all values of z for which the series
converges. Corresponding to the cases in part (b), the interval of convergence is: (i) the single point {a}, (ii) all
real numbers, that is, the real number line (—o0, 00), or (iii) an interval with endpoints @ — R and @ + R which
can contain neither, either, or both of the endpoints. In this case, we must test the series for convergence at each
endpoint to determine the interval of convergence.

9. (a), (b) See Theorem 11.9.2.

10. (2) To(z) = 3 1(a)

n
= 1

(z - a)’

0 (")a
o £ 100 gy

n!

(c) 720 @z” [a = 0 in part (b)]
(d) See Theorem 11.10.8.
(e) See Taylor’s Inequality (11.10.9).
11. (a) — (e) See the table on page 767.

12. See the Binomial Series (11.11.2) for the expansion. The radius of convergence for the binomial series is 1.

TRUE-FALSE QUIZ
1. False. See Note 2 after Theorem 11.2.6.
2. False. The series Z posinl = Z ey is a p-series with p = sin 1 ~ 0.84 < 1, so the series diverges.
n=1 n=1

3. True. If lim a, = L, then given any € > 0, we can find a positive integer NV such that |a, — L| < & whenever

n—00

n> N.Ifn > N,then2n+ 1 > N and |a2n+1 — L| < &. Thus, lim azn4; = L.
n—oo

4. True by Theorem 11.8.3.
Or: Use the Comparison Test to show that Y ¢, (—2)™ converges absolutely.

5. False. For example, take ¢, = (—1)" / (n6™).
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. True by Theorem 11.8.3.

3 3
. False, since lim |22*| = lim ——1"—_?? ’ n_} = n— l/n = lim _
n—oo | Qn n—oo (TL + 1) 1 n— o0 (’I’L + ]_) 1/7‘L3 n—oo (]_ + 1/71)3
. . Ant1 1 n! 1
. True, 1 i - = —
e, smee nlvn;o QAn n—oo (’n + 1)' 1 nLHolo n+1 0<1

. False. See the note after Example 2 in Section 11.4.

. 1 o pn o (__1\"
. True, since — = e ‘and e” = 3 z soe =Y (=1) )
€ n=0 T ' n=0 n!

. True. See (8) in Section 11.1.

. True, because if Y, |an| is convergent, then so is ), a, by Theorem 11.6.3.

/I/
. True. By Theorem 11.10.5 the coefficient of z* is 3$0) = -:1); = f"(0)=2.

Or: Use Theorem 11.9.2 to differentiate f three times.

. False. Leta, =nand b, = —n. Then {a,} and {b,} are divergent, but an + br, = 0,50 {an + bn} is

convergent.

. False. For example, let a, = b, = (—1)". Then {a.} and {bn} are divergent, but anbn = 1,50 {anbn} is
convergent.

. True by the Monotonic Sequence Theorem, since {an } is decreasing and 0 < a,, < a; foralln = {an}is
bounded.

. True by Theorem 11.6.3. [ (=1)™ @, is absolutely convergent and hence convergent. ]

an+1

. True. lim

n—oo Qan

<1 = 3 a,converges (Ratio Test)y = lim an, =0 [Theorem 11.2.6].

EXERCISES

2+ n° converges since lim ———— 2+ n’ = 1li ____2/n +1_1

. 1+ 2n3 g — 00 _|_2n3 —’n—voo 1/n3+2 5
9n+1
S =T =9 (Z)". 50 lim an =9 lim (&)"=9-0=0by(11.1.8).
3
- lim_a, = lim . = lm = 00, so the sequence diverges.
n—oo n—vool+n2 n—00 1/n2+1

. an = cos(nm/2), 50 a, = 0if nis odd and an = %1 if n is even. As n increases, an keeps cycling through the
values 0, 1, 0. —1, so the sequence {an } is divergent.

. |an| = %ﬁ_ﬁll < nzi T < % $0 |an| — 0 as n — oo. Thus, T}Lngo an = 0. The sequence {an} is convergent.
1 2
. Qn :l-r—lﬁ Let f(x )*—mforw>0.Then lim f(z) = hm — = lim _Y=_ _ lim — = 0.

Thus, by Theorem 3 in Section 11.1, {an} converges and lim a, = 0.
n—oo
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10.

1.

12.

13.

14.
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3 4n 3 4z
{ <1 + —> } is convergent. Let y = <1 + ;) . Then
n

1 3
. . In(1+3/z)u . 1+3/z (‘P) , 12
Jm Iy = lim 4ot (143/2) = Im = ~ M =y A T

3 4n
so lim y = lim <1+E> =e!2

r—00 n—oo

Or: Use Exercise 4.4.54 .

n—10
(—10)" . 10" 10-10-10----- 10 10-10----- 10 10 (10
—t s —_— = . <10 — 0 R
{ ol converges, since oy 1.2.3.....10 11.12....- n = 11 —vasn — oo

so lim (_1?) = 0 (Squeeze Theorem). Or: Use (11.10.10).
n!

n—oo

. We use induction, hypothesizing that a,—1 < a» < 2. Note firstthat 1 < ag = 3 (1 +4) = g < 2,sothe

hypothesis holds for n = 2. Now assume that ax—1 < ax < 2. Then
ak = 3 (ak—1+4) < 3 (ar +4) < 3 (2+4) = 2. So ax < ar41 < 2, and the induction is complete. To find the

limit of the sequence, we note that L = lim an, = lim an11 = L=3%(L+4) = L=2.

n—o0

ozt w42 w1227
lim — = lim — =

z—o0 eT z—oo e r—oo e ( 2\
. 24x
lim

z—oo €% z—o0 e%

=

=
[\]
=~

Then we conclude from Theorem 11.1.3 that lim n%e ™ = 0.

n—oo

From the graph, it seems that 12*e™'% > 0.1, but n*e™™ < 0.1

whenever n > 12. So the smallest value of N corresponding to . y=01

& = 0.1 in the definition of the limit is N' = 12. AN N SN

L<£—iso§ converges by the Co ison Test with th i

e s R s ) ges by mparison Test with the convergent p-series

£ p=2
— (P=2>1).

n=1n?

Leta—n2+1andb—lsolima—"—limns_i_n—l' 1—+an—1>08' o2 1 b isth
[ n = n—»oobn_n—»oon3+1_nl—»r201+1/n3_ . Since Y07 | by is the

divergent harmonic series, Y7, a, also diverges by the Limit Comparison Test.

3

ansr . [(m+1)? 57 , 1\ 1 1 % n ,
1 = —_— s | = —_ - = = —_
Jim ~ nll{rolo [ EnFl 3 nliflgo 14 - il <1, s0 n§=1 5n converges by the Ratio Test.
Letb ! Then b, i itive fa > 1, th {bn} is d i d lim b 0 h i
= . n 1S positive for n . the sequence {b,, } is decreasing, n =0, s0t
L | p > q s decreasing, and lim so the series
o 1"
> (=1) converges by the Alternating Series Test.
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1
15. Let f(z) = Y Then f is continuous. positive, and decreasing on [2, 00), so the Integral Test applies.

16. lim

17.

18.

19.

20.

21.

23.

24,

. Use the Limit Comparison Test with a, =

/oo f( )d i t 1 d u=Inzx, 1 Int 1/2d , \/_ Int
z)jar = um z = lim u = lim [2 "
2 t—oo [o zvVinz du = 1 dx t—=0 Jin2 t—oo [ ]
T

diverges.

. 1
= lim (2vInt — 2vIn2) = oo, so the series
t—»oo( ) 2 nwllnn

. 1 n * n
= —,s0 lim | =Ini . , i i
dn 1" 3 so lim n<3n T 1) n 3 # 0. Thus, the series ngl ln<3n T 1) diverges by the Test for
Divergence.
cos 3n 1 1 5\" =
n| = < = > 5 n i 1
|an| l Tra27| S 1T ag)n < T2 (6) ) ; |an| converges by comparison with the convergent

geometric series Z (g) (r = % < 1). It follows that Z an, converges (by Theorem 3 in Section 11.6).
n=1

n=1
2n 2 oo 2n
n 1 1 n
li \/n—l = lm —— = lim ——5—— =- <1, ——
i lanl = B A A | T A T e T A TR 2 SO; 1+ 2n2)"
converges by the Root Test.
. |an41 . 1.3:5----- (2n—-1)(2n+1) 5"n! . 2n+1 2
1 =1 . = =- <1
e | "an L 57+ (n+ 1)1 1-35-----(2n—1) m 5n+1) 5 <hso

the series converges by the Ratio Test.

Y A R ) G

n=1 n=1 n?
n+1 2 _gn 2
lim |22+ = Jim 2 5 9 = lim ﬂl— -2 > 1, so the series diverges by the Ratio
n—oo | Qn n—o0 (Tl + 1) . gn+1 25™ n—o0 9(7’1, + 1) 9
Test.
bn = % > 0, {bn} is decreasing, and hm b, = 0, so the series Z (-t n\{i-ﬁl converges by the

n=1
Alternating Series Test.
vn+l—vy/n—-1 2
n n(vn+1++vn—1)
1 an _2yn
e A s = i e — Y Ay

(p=32>1).3 an converges also.

(rationalizing the

numerator) and b, = = 1, so since Yoo ; by converges

Consider the series of absolute values: >~ n~ /3 is a p-series with p = % < 1 and is therefore divergent. But if

1 . . . .
we apply the Alternating Series Test, we see that b, = % > 0, {b,} is decreasing, and lim b, = 0, so the series

n—oo

Z( 1)" " 'n~"/3 converges. Thus, Z (-1)" " 'n” 1/3 is conditionally convergent.

n=1

. |(—1)"71 nfsl =3, n~2 is a convergent p-series (p = 3 > 1.) Therefore, >, (=) 'n3is

absolutely convergent.



25.

26.

21.

28.

29.

30.

31

32,

33.
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An41
an

i(—l)"+1(n+2)3”+1 22n+1 _n+2 3 _ 1+(2/n) 3

22n+3 (-D)"(n+1)3"| n+l 4 14+(1/n) 4 4

by the Ratio Test, Z —)'2%:%—)—

n=1

VE o 1VE) Ve

lim ~— = lim —F—~= = = o0o. Therefore, lim t}—)-————\/ﬁ
T —00 ln:c T— 00 X T—00 n—oo ln

is absolutely convergent.

by the Test for Divergence.

22;:1 = 227;7121 = (225)): 2 = <§>" o) nz 22n+1 =2 21 <%>" is a geometric series with a = —g and
r= % Since |r| = g < 1, the series converges to I ir i 5/2/5 f;g 8.

121 n(nl—i— 3) = nil [3177. - 3(n1+ 3)} (partial fractions)

Sn = E:: [312 - 3(2—1_35] = % + -(1; + é - 3(n1~|— ) - 3(n1+2) - 3(n1+3) (telescoping sum), so
Sy me =3 tsts=g

Yooii[tan™! (n+1) —tan~'n] = lim s, = lim [(tan™'2 —tan"'1) + (tan™? 3 — tan~12) +

n—oo n—oo

+ (tan™! (n 4+ 1) — tan™" n)]
= lim [tan™'(n+1) —tan™" ]=2-2=2
— (- & n 1 " = 1 v\ ™
e =Y ()t e = S (1) (YD) = cos YT ) since
7;) 320 (2n)! "Z:O (2n)l  32n nz=o @2n) 3 3
cosz = Z =" )l for all z.
n=0
2 3 4 e n 0 n [S)
— e_ — _C; e_ . — n€ — (_e) e o .’l‘n
1 e+2' 3!4_4! .._;(—1) H—HZO = smceex—zoz!-forallx.
326 326 326,/10° 417 326 416,909
A1TE = 417+ T+ Tog - = 4T+ o = g S = T
105 1-1/10% 100 + 99,900 99,900

coshz = %(63c +e %)= %(Z iE_’ + Z (_s!)n>

1 $2 1;3 234 1,2 273 £4
_§[<1+.’L‘+—'+§+E+ ->+<1—x+§—§+4' )}
1 z? z*
—§<2+2-§+2'Z+ )
e 2n
=14 g2 z
T +1§(2n)'

v
+

3
== = > =< lasn — 00,80

# 0, so the given series is divergent
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oo
34 Z (Inz)™ is a geometric series which converges whenever |lnz| <1 = -1<lhz<l = el'<z<e

n=1
x (—1)"*! 1 1 1 1 1 1 1
35. =D =1 — 4+ — — _ _
n; nb® 32 + 243 1024 + 3125 7776 + 16,807 32,768 +
Since bg = — < 0.000031, 5> (L )nH 3 (_1)n+1 ~0.9721
8T 8 T 32768 = n; ek
51 1 .o x 1
36. (a) s5 = Y, — 5= =1+ % + -+ — & 1.017305. The series o converges by the Integral Test, so we
n=1 =1
. . . * dx z731® 578 .
estimate the remainder Rs with (11.3.2): Rs < il = 5 = 0.000064. So the error is at
5 T 5

most 0.000064.
=~ 3.4 X 1076. So

*d 1
nd . If we take n = 9, then s9 ~ 1.01734 and Ry < 59

b) I . R, < —_ = =
(b) In general, R _/n 6 e

oo 9
to five decimal places, E Ls = E is ~ 1.01734.
n n
n=1 n=1

Another Method: Use (11.3.3) instead of (11.3.2).

1
< —, so the remainder term is

37 721 3 _:571 = ni:1 7 +15n =~ 0.18976224. To estimate the error, note that TE S
Rg = i ! < i 1 s _ 6.4 x 10~7 (geometric series witha = 2 and 7 = 1)
2255 S5 1-1/5 5 5
% @ lim |20t ] o [T @O A D ) (" + 1)n !
n—oo| an n—oo| 2(n+1)]! nm nsoo (2n 4+ 2)(2n +1)n®  nooco \| N 2(2n +1)
:nlLH;o<1+%> 2(7}:1-_-?):&0:0<1

so the series converges by the Ratio Test.

(b) The series in part (a) is convergent, so lim a, = 0 by Theorem 11.2.6
n—oo

ntl), 1 1
39. Use the Limit Comparison Test. lim ( n ) *| = lim 2 t1_ lim (1 + —) =1>0.
n— 00 Qan n—oo N n-—00 n
. . . n+1 - .
Since Y |an| is convergent, sois ) —— Jan,. by the Limit Comparison Test.
n+1 2Fgn
40. lim |2+ = lim ‘ Z 3 Bl lim —15|—I| = m so by the Ratio Test,
n—oo | an n—oo|(n+ 1) 57+l ™ n—oo (1+1/n)° 5

|z| < 5. R = 5. When = —?5, the series becomes the

D"
>— Which converges by the
n

T
converges when |~5—| <l <«

e xn
-1 n
> ()"

1 o0
convergent p-series Z — withp = 2 > 1. When 2 = 5, the series becomes >
n=1

n=1T

Alternating Series Test. Thus. I = [—5, 5].



Q.

42.

44.

45.
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n+1 n
. |ant . |z +2["* n4 . n |z+2| |z + 2]
= : = = <1l & |z+2| <4,
am = nllnio[(n+1)4n+l et o] | nrl 4 1 2 +2]
2 n
SOR=4.]z4+2)/<4 & —4<z+2<4 & -b6<zr<2Ifr=-6, thentheserlesz—u
n=1
becomes E - 4) =3y (_i) , the alternating harmonic series, which converges by the Alternating Series
n=1 n=1
Test. When x = 2, the series becomes the harmonic series > l which diverges. Thus, I = [—6, 2).
n=1

. an 2"t (g —2)™*! 2)! ‘
nlgr;o % = nango (T(lz+ 3)') : 271(7(;—#—_ %)n = nlgr;o 13 |z — 2] = 0 < 1, so the series

oo 211 —9 n
n§1 %2)7) converges for all z. R = oo and I = (—o00, 00).

. antr |2ttt (@ -3 T3 . n+3

.1 =1 . =2|z-3] 1 =2z —

m = Jim i 7 @—3)" |z = 3| lim 1= 2l-8l<l e

lr—38[<30R=35Je-3|<i & -l<z-3<l & S <z < I Forz =1, theseries

Z (m ) becomes Y = 1 which diverges (p = 5 < 1), but for z = £, we get

n=0vVn+3 n=3 nt/2’

(—1)" L - , 5 7
> » which is a convergent alternating series, so I = [2, I).

n=0Vn + 3
) n 2 1 n+1 ! 2
lim || _ ( n—}—2)m2 _(nY) - lim (2n+2)(2n+1) o] = 42

To converge, we musthave 4 |z] <1 & |z/<i.soR=1.

n f(“)(:c) fm (%)
0 sin 3

1 cosx ﬁg

2 | —sinz -3

3 | —cosz —ﬁg
4 sinz z

V3 & n Y 2n+l1
7320(‘” a5
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46.
n | f™() | ™ (35)
0| cosz i
1| —sinz - ‘/T§
2| —cosz -1
3 sinx ﬁg
4 cos T %

= % Z (—1)n(2—;)—! (z - %)zn + ? i (—1)n+1(?ni_—1)—! (m — %)%H

n=0 n=0
4]. S S i (=z)" = f (=) z"forlz| <1 = z* i (-D)"z" 2 with R=1
1+z 1- (“$) n=0 n=0 n=0
oo 2n+1
48. tan" 'z = nz=:o (-1)" 1 with interval of convergence [—1, 1], so
( )2"+1 oo Lin+2
tan”! (2°) = nz (=" 51 n2=:0 (-n" Tl which converges when z* € [-1,1] &
€ [~1,1). Therefore, R = 1.
> dz x z"
49.1——2712030 for|z| <1 = ln(l—m):—/l_z nZz dx=C— Zn+1
oo mn-}-l
m(1-0)=C-0 = C=0 = In(l-z)=- = =1
n(1-0) n(l-z)=-% =7~ 4
o ph 9 o (2:1,‘)” 2w %) 2n$n © 9Ny n+1
. T — —_— - = = . R =
50. e nX::O 5 = e n;o — = ze xg::() - nz::o o0
n n 2n-+1 n , 8n+4
(=)ra® RN (o Vi ) X (-)"z o
. = ~ = = for all z, so the rad f
51. sinz = nZO T = sin(z*) 712::0 ot 1) 17,20 TES or all z, so the radius o
convergence is oo.
< z" 1 < (Inl
52. % = Z $_' = 10% = e(lnlO)z — Z [(nlo) ] E (Il O) .R=0c0
n=0 T n=0 ’I'L. n=0
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_1 1\( = (—%)(— J_azN, CDEDED )z
=3 1+(_Z>( E)Jr 2! ( %) 31 (-15) +
1 =159 @4n-3 , 1 =159 (4n-3) ,
AR O I T =3t X 26n+1
for —1”“'—6‘<1 & |z/ < 16,50 R = 16

m41—wr5:§§(f)@3@":1+p5m4m+£i%190am2+Lﬁlgﬂ—l(3@ b

X 56T 4) . 3" g
_1+2567 (n+4) 3"z

for|-3z| <1 & |z|<3.s0R=1.

]
= n!
x " e’ 1 x z" e
85. e = —.80— ==+ > and [ —dz=C+1n
n=0 n' T X n=1 n' X

56. (1+x4)1/2 _ f (i (:c4)" =1+ (%)m4+ ('21")(_%) (:c4)2+ (%)(_3%)(_%) (1‘4)34__”

1/2 3 _

1 4 _ 1,5 1 1_ 1 1 1

so fo (L+2%) /" de =[x+ 52° — L2° + 5hea N e R iy
This is an alternating series, so by the Alternating Series Test, the error in the approximation
i+ der1+ 6 — 73 ~ 1.086 is less than 5. sufficient for the desired accuracy.

Thus, correct to two decimal places, fol (1 + x4)1/2 dz ~ 1.09.

e n| @) | 10
0 zl/? 1
1| ig71/2 1
o | “1gm2 | 1
3 Sg5/2 3
4| —spr|

12/'4( 1)+33{'8( e

=1+1 s@—1)—=z-1)°+ +&(x-1)°

x/EwTa(x)=1+i,2(z—1)_
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(b) 1.5

Ve

M
© |Rs (z) < ylz—1

and letting x = 0.9 gives M = 6

4 where lf(4) (m)‘ < M with

fP(@)=-82""2 Now09<z <11l =

—01<z-1<01 = (z—1)*<0.1)%

15
0.9)772"*°

1
R < ———(0.1)*=0. _
X |Rs(x)] < 16(09)7/24] (0.1)* ~ 0.000005648
(d 5% 107° From the graph of |R3(z)| = |v/z — Ts(x)|. it appears
that the error is less than 5 x 10~ on [0.9, 1.1].
0.9 1.1
0
58. (a)

n FARIEY) £™(0)

0 | secx 1

1 | secxtanz 0

2 | secztan®z +sec® 1

3 | seczxtan®z + 5sec® ztanz 0

secx ~ To(x) = 1+ 1a?

(b) 12

(d) 002

a3

oy

©) |R2 ()| £ %/{—lzz|3 where If(3)(a:)| < M with

£®)(z) = secz tan® z + 5sec® z tan z. Now

= z® < (%)S,and letting x = §

24 (1) ~0.111648.

From the graph of |Ra2(z)| = |secz — Ta(z)|, it appears that the

error is less than 0.02 on [0, ].
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7
x2n+1 .’ES $5 .’E7 (1?3 2:5 x

o0
ine = S S AT A AT neg—z=-—-—"—+——>_4...and
59. s1n:r—n§0(—1)" Gn i) =r- 5 + S +---.sosinz — 2z 30 + 5 7 +---an

— 2 4 I 1 2 4 1
sinz x:_l_l_x__x_*_“_.Thus’hr%smx x:lim<—6+w— z +.”>:_6.

23 35 m x3 z—0 120 5040
mgR> mg = (-2 ( h ) o .
60. F = = =m — | (Binomial Series)
@ F = Ran? ~ rwmE ™ ( n ) R

(b) We expand F = mg [1 - 2(h/R) + 3 (h/R)* —--].

This is an alternating series, so by the Alternating Series 0015

p
Estimation Theorem, the error in the approximation F' = mg is less 1

than 2mgh /R, so for accuracy within 1% we want y=001

2
2mgh/R__| o . 2h(R+h)

_— < 0.01. This
mgR?/ (R + h)* R?

. . . . 50
inequality would be difficult to solve for h, so we substitute 0

R = 6,400 km and plot both sides of the inequality. It appears that
the approximation is accurate to within 1% for A < 31 km.
61. f(z) =20 pcnz™ = f(—z) =32 jen(—2)" = Yom (=) "cnz™

(a) If f is an odd function, then f(—z) = —f(z) = 2 (-1)"cpz” = Yoo o —caz™. The coefficients of

any power series are uniquely determined (by Theorem 11.10.5), s0 (—1)" ¢, = —c,. If n is even, then
()" =1,50cn =—cn = 2c, =0 = ¢, =0. Thus, all even coefficients are 0, that is,
co=cC2=c4=---=0.

(b) I f is even, then f(~z) = f(z) = 2 (-1)"cpz" = Yomionz™ = (1) "cp =cq.

Ifnisodd, then (—1)" = —1.s0 —cn =cn = 2¢, =0 = ¢, = 0. Thus, all odd coefficients are 0

)

thatiS.Cl =c3=c¢c5 = --=0.
n 2\n 2n
5> & :_ & (=) &z 2 1
62. z — _— — et — — P ) 271,‘ . _

2 ngo il f(z)=e nX::O — n§0 —~ ngo 12" By Theorem 11.10.6 with a = 0,
X (k) (2n)

we also have f(z) = }° ! (O)zk Comparing coefficients for k = 2n, we have F70) 1 -
k=0 K @)l nl

£V (0) = (2n)!.

n!
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1. It would be far too much work to compute 15 derivatives of f. The key idea is to remember that £(™ (0) occurs in
the coefficient of ™ in the Maclaurin series of f. We start with the Maclaurin series for sin:

nrez-% 42 Then sin(z?) = o — & 4 & d so the coefficient of z'° i
smx—m—i—}—a—~~. en sin(z°) = z° — 3l + s~ - andso the coefficient of 2 is
(15) ]

! 1550):%‘ Therefore,f(ls)(o):%:6~7~8-9~10-11-12-13-14v15:10.897,286,400.

2. We use the problem-solving strategy of taking cases:
Case (i):  If |z] < 1,then0 < z® < 1,50 lim 2®" = 0 (see Example 9 in Section 11.1)

n—oo

2n__1 -1
and f(z) = lim z 0 =

r 2y
n—oo 2" 4 1 0+1

n 1 -1
Case (ii): If |z| = 1, thatis, z = &1, then 2° = 1, 50 f(z) = nli_{r;Q %—-_ﬁ = nan;Q % =0.
Case (iii):  If |z| > 1, then z* > 1, so nlLrEO z?™ = oo and
L | 1= (1/z*™ 1-—
f@) = Jlim oy = T3 Eljm%g 1 +g =L

1 ifr<-—1 y

0 ifz=-1 — w1t
Thus, f(z) =4 -1 f-l<z<1 . .

0 ifzx=1 -l b

1 ife>1 ° °
The graph shows that f is continuous everywhere except at z = +1.

3. (a) From Formula 14a in Appendix D, with z = y = 6, we get tan 20 = 12_—?;12—9, so cot 20 = 1;—:;?; =
2cot 20 = 1-tan’f = cot 6 — tan@. Replacing 8 by Lz, we get 2cotz = cot 1z — tan iz, or
tané 2 2 2

tan ;z = cot 3T —2cotz

(b) From part (a) with 2:_1 in place of z, tan 2% = cot 2% — 2cot % so the nth partial sum of

x 1 T .

nz=:1 on tan on 18

s — tan(z/2) n tan(z/4) " tan(z/8) 4y tan(z/2")
2 4 8 2n
_ | cot(z/2) _cotz| + cot(z/4)  cot(z/2) . cot(z/8)  cot(z/4) 4.
2 4 2 8 4
cot(z/2™)

cot(z/2")  cot(z/2""1)] )
+ { on - on—1 = —cotz + on (telescoping sum)

W cot(x/2") _ cos(z/2")  cos(z/2™) o =z/2"

No = -
2n 27 sin(z/2") z sin(z/2")

1 1 .
— —-1=—asn — ocosincez/2™ — 0
z z

989
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for z # 0. Therefore, if x # 0 and & # km where k is any integer, then
x 1
Z——tani lim s, = lim <—cotx—|—ico‘r—):—cotm+l
z

=1 2m n—oo n—oo n

If x = 0, then all terms in the series are 0, so the sum is 0.

8 |APy® =2, |APs|> =24+ 22 |AP,|? = 2+ 22 + (2%)°,

P=2+22 4 (22)° + (29)° ...

AP P =242+ (22)° 4+ (2")" [forn >3] =2+ (4+4>+4°+ n=2)
442 -1 _ n—1
=24+ —(tl—) [finite geometric sum witha = 4,7 =4] = g +—?——é = % + 43
So tan ZP, AP 1+1 = [P Pn+1| = ! —+V3asn — .
| APy / 4"1 /2 4"1 \/ 2 .1
37T 3-4n-1 3
Thus, ZP,APpi1 — 5 asn — 0.
5. (a) At each stage. each side is replaced by four shorter sides, each of
so =3 =1

length % of the side length at the preceding stage. Writing so and £o
s1=3-4 | £1=1/3

s9=23-42 | £y =1/3%
s3=3-4%| £3=1/3®

for the number of sides and the length of the side of the initial

triangle, we generate the table at right. In general, we have

sn=3-4"and {p, = (l)" so the length of the perimeter at the nth

stage of construction is pn = $nflp = 3-4" - (—) =3. ( )

n 4 n—1
(b)pn:-g—f::4<§) .Since§>1,pn—>ooasn—+oo.

(c) The area of each of the small triangles added at a given stage is one-ninth of the area of the triangle added at the
preceding stage. Let a be the area of the original triangle. Then the area ax, of each of the small triangles added

. 1 . . . .
atstage nisan = a- o = g;in. Since a small triangle is added to each side at every
stage, it follows that the total area A, added to the figure at the nth stage is
n—1
Ap = Spn—1-an =3 41 —;—n =a- -:-;%: Then the total area enclosed by the snowflake curve is
A + A1+ A2 + Az + a+a l—I-a +a- 42 43—0— After the first term, this is a
= Q ces = - —_ - —_— e, s

LA 3 33 P
geometric series with common ratio 3 2 s0A=a+—1+ 1 / 3 =a+ (—5 . g = 8—5&‘ But the area of the original
equilateral triangle with side 1 is a = % -1-sin§ = 345, So the area enclosed by the snowflake curve is
8. V3 _ 2v3
574 5

o 1
6. Let the series S = 1+%+%+%+%+%+%+1—12+-~. TheneverytermmSlsoftheform2—3— m,n > 0,
and furthermore each term occurs only once. So we can write
x x 1 X X 11 X 1 &1 1 1
5 mizzongozm:;" mz::OnZ:: 2m 3n mz::o2mz=:3 1-1 1-1 2
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1. (a) Leta = arctanz and b = arctany. Then, from Formula 14b in Appendix D,

¢ b) — tana —tanb _ tan(arctanz) —tan(arctany)  z—y
an(a —b) = 1+tanatanb 1+ tan(arctanz)tan(arctany) 14 zy’

z M ™
Now arctanz — arctany = a — b = arctan(tan(a — b)) = arctan 1 since -5 <a—-b< 3.

(b) From part (a) we have

120 1 28,561
arctan {37 — arctan g3 = arctan —19--239 — arctan 25451 = arctanl = =
1+ 475 - 239 28.441
. . T+
(¢) Replacing y by —y in the formula of part (a), we get arctan z + arctany = arctan 7 l‘il So
141
4arctan § = 2(arctan § + arctan 1) = 2arctan : 5_ : tr)l = 2arctan ;3 = arctan 3 + arctan
55
5 5
— + =2
= arctan ] _2 = lg = arctan 12
12 12
Thus, from part (b), we have 4 arctan % — arctan 5%5 = arctan % — arctan 2—;9 = 7.
P R R S B
(d) From Example 7 in Section 11.9 we have arctanx = ¢ — 3 + T + TR +....s0
1 1 1 1 1

1
arctang—g—3.53+5‘55 _7.57+9,59_11v511

This is an alternating series and the size of the terms decreases to 0, so by the Alternating Series Estimation
Theorem, the sum lies between s and s, that is, 0.197395560 < arctan % < 0.197395562.

1
(€) From the series in part (d) we get arctan % = ﬁ - 3—% + ﬁ

2.6 x 1073, 50 by the Alternating Series Estimation Theorem, we have, to nine decimal places,

— - --. The third term is less than

arctan -2—;5 = s2 ~ (0.004184076. Thus, 0.004184075 < arctan ﬁ < 0.004184077.

(f) From part (c) we have 7 = 16 arctan é — 4 arctan ﬁ. so from parts (d) and (e) we have
16(0.197395560) — 4(0.004184077) < 7 < 16(0.197395562) — 4(0.004184075) =
3.141592652 < 7 < 3.141592692. So, to 7 decimal places, 7 ~ 3.1415927.

8. (a) Let a = arccot z and b = arccot y where 0 < a — b < . Then

1 1

1 1+tanatanbd 1+c0ta.c0tb cot acotb

cot(a —b) = = = .

tan(a —b)  tana—tanb 11 cotacotb

cota cotb
cotacotb+1
=————— 50

cotb —cota

1 t tb
cot(a—b) = +cotacotb 1+ cot(arccot z) cot(arccot y) _1+ay

cotb—cota ~  cot(arccoty) — cot(arccot x) y—x

Now arccot z — arccoty =a — b = arccot(cot(a — b))

14+ a2y

= arccot since0<a—b<m.
-z
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(b) Applying the identity in part (a) with z = n and y = n + 1, we have

1+n(n+1)

arccot(n? +n + 1) = arccot(1 + n(n + 1)) = arccot
( ) (1+n(n+1)) T

= arccot n — arccot(n + 1)

Thus. we have a telescoping series with nth partial sum

sn = [arccot 0 — arccot 1] + [arccot 1 — arccot 2] + - - - 4 [arccot n — arccot(n + 1)]
= arccot 0 — arccot(n + 1)

Thus, "2° , arccot(n® + n+1) = llm sn = lim [arccot0 — arccot(n+1)] =35 —0= 7.

n— oo

i 1
9. We start with the geometric series Y, z" = 1 . |z| < 1. and differentiate:
—z

n=0

> d (X d 1 1

= — ") == = f 1
nglnw p (ngox > e <1—x> a7 orlz] <1 =
Sng" =z Y nz" = __a:_Q for |z| < 1. Differentiate again:
n=1 n=1 (1 - 13)
s - d =z (1-2z)°—z-2(1-2)(-1) z+1 x 2+

2, n—1 2,.n
n°x = — = = = nrt = ———=

nz_—_:l dz (1 - z)* (1-z)* (1-z)?® 71;1 (1-z)°
§n3 o od 2tz (1-2Qe+1) - (P +z)3(1-2)’(-1) 2’+4z+1

x = — = —
n=1 dz (1 - z)® (1-2)° (1—xz)*
i niz" = x(‘:—ﬁlz)ﬂ || < 1. The radius of convergence is 1 because that is the radius of convergence for
n=1 — T

the geometric series we started with. If z = %1, the series is ) | n® (£1)™, which diverges by the Test For

Divergence, so the interval of convergence is (—1,1).

10. Let’s first try thecase k = 1: ap+a1 =0 = a1 =-a0 =

lim (aov/n+arvn+1)= Jim (aov/n — aovn+1) = ao Jim_ (v/n — \/n—.q'._)i_"_ﬂ

=00 Vn+n+1
=ap lim —_—1——-—
TS it v+l
In general we haveap + a1 +---+ax =0 = ar=—-a—a1—-"—0-1 =

lim (agx/ﬁ—i—al\/n—i- 1+avVn+2+--+arvn+ k:)

n—oo

= lim (aox/_+a1vn+ + o 4arVnt+k—1l-aWnt+k—avn+k—-- —ak_n/n+k)

n—oo

= qp lim (\/_—\/n+k> +a; lim (\/n—i— A\/n—i—k) +--~—|—ak_1nlim (\/TT—}—]C—I—\/’;L—}—]C)
n—oo n—o0 —00
Each of these limits is 0 by the same type of simplification as in the case k = 1. So we have

lim (ao\/'r_?,—}—al\/n—i—1+a2\/n+2+~~+akvn+k) :a0(0)+a1 (0)+~~-—l—ak*1 (0):0
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2 1)(n—1
ln<1_i2> :ln<" 1) :ln(_nj_)gz_—l=1n[(”+1)(n—1)]—lnn2
mn n

n2

=ln(n+1)+In(n—1)—2Inn
=ln(n—1)-Ilnn—Inn+In(n+1)

— -1
L 1—[lnn—ln(n+1)]:lnn —lnnil.

=In

k

k
1 n—1 n
Sk = 1-—=) = 1 -1 for £k > 2. Then
Let sk nE:21n< n2> E (n - nn+1) or

n=2

1 2 2 3 k-1 k 1 k
- Z _In2 2 _In2 —-In— )} =In= —In——,
Sk <1n2 ln3> + (ln3 ln4> + + <ln A lnk 1) ln2 nk 1 SO

S 1 1 k 1 _
Z ln<1—§> = hm sk—klirlgo (lng—lnk+1> zlni—lnl—lnl—ln2—ln1*—ln2.

n=2

Place the y-axis as shown and let the length of each book be L. We want to Y

. L
show that the center of mass of the system of n books lies above the table, -1

that is, T < L. The z-coordinates of the centers of mass of the books are

£ —-—[i—-l—ém = L + L Landsoon
22T - T2 T mo) Tam_2) T

r1 =

Each book has the same mass m, so if there are n books, then

ML FmMT2+ -+ MTy  T1 ot AT
mn n

Al () £)

(L, L . L. L. L
2n—1) " 2(n—2) 4272
Ll n—-1 n—2 2 1 n L 1 n 2n—1
_Z[2(n—1)+2(n—2)+"'+1+5+§}_Z{("_I)EJ“EJ_ o <L

This shows that, no matter how many books are added according to the given scheme, the center of mass lies above
the table. It remains to observe that the series 5 +  + & + & 4+ -+~ = 2 3" (1/n) is divergent (harmonic series),
so we can make the top book extend as far as we like beyond the edge of the table if we add enough books.

3 1’6 xQ .’174 $7 xlO .’L'2 xS 8

=14 = 4 y= hdl - = fudll
u= +3'+6+9!+ v z+4!+7+w'+ 2!+ +8'+
Use the Ratio Test to show that the series for u. v, and w have positive radii of convergence (oo in each case), so
Theorem 11.9.2 applies, and hence, we may differentiate each of these series:
du 3% 62® 9% _o? 2b 4
dz 3! 6! 9! 20 50 8l
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1173 $6 m9 4 7 IlO

L. dv dw T T
Similarly, 22 =14+ L . Z 2 = W _ e 2 T
milarly. G =gt e T T wand o =z+ gttt v

Sou' =w, v = u,and w’ = v. Now differentiate the left hand side of the desired equation:

d
. (u3 + 0 +w® - Buvw) = 3ulu’ 4 300 + 3ww’ — 3(u'vw + w'w + uvw')

= 3u’w + 3v’u + 3wy — 3(Uw2 +uw + uvz) =0 =

u® 4+ v® + w? — 3uvw = C. To find the value of the constant C, we put z = 0 in the last equation and get

P+0+0°-3(1-0-00=C = C=1s0u®+v>+w®—3uvw=1.

14. First notice that both series are absolutely convergent (p-series with p > 1.) Let the given expression be called x.

Then

1,1 1 tafo LY, 1 (oL L
A TRETR TR +(2p2p+ t¢e w)t
55—1 ! ! ! - 1 i—}—i i+
wte wt T TIT
1 1 1 1 1 1
G » 3w wt »%25+25+25+m>
RELIIE R
2P+3P 4p
2 1,1 . PRSI S
» T et op-1 20 3¢ ' 4p L
=1+ 1 =1+ 1 1 1 =1+2""¢
ety et ety et

1

Therefore,z =14+ 2Pz & z-2""Pz=1 o z1-2""7)=1 & z= 1_21-7p

15. If L is the length of a side of the equilateral triangle, then the areais A = %L . 32@L = @Lz andso L2 = \%A.

Let  be the radius of one of the circles. When there are n rows of circles, the figure shows that

L
L=v3r+r+(n—-2)2r)+r+ \/gr:r(Qnm2+2\/§),sor:m+—\7_3—_—l).

1 . .
The number of circlesis 1 +2+--- +n = ﬂ%—l and so the total area of the circles is
2 1 4AN3
An:n(n+1)7rr2:n(n+l)7r L ) :n(n+ )7r /\/‘ 2
2 2 4(n+vB-1) 2 4(n+VB-1)

nn+1) 7wA
(n+\/§— 1)2 2V3
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An __nlntl) 7
A (n+vB3-1)2V3
1+1/n T

—asn——>oo

T+ (B-/m 2B 2B

\/Er r 2r 2r r 3r
y L i

(n—1)(n —2)an-1 — (n — 3)an—_2
n(n —1)
1~0~a1—(—1)ao 1 2:-1-a0—0-a1 1 3:-2-a3—1-as 1

egReReE 2 =TT T ® T T 32 o™t T 13

, we calculate the next few terms of the

16. Givenap = a1 = land a, =

1 . . . .
It seems that a,, = = S0 we try to prove this by induction. The first step is done, so assume aj = il and
n! !

1
ak_lzm.ThCn
k(k—1) k-2
_kk—Naxr—(k—2ars kI (k-1  (k-1)—(k-2) 1
B s N (E S ([ =S 1]

and the induction is complete. Therefore, > >° jan =322 1/n! =e.

17. As in Section 11.9 we have to integrate the function z* by integrating series. Writing z* = (e®)® = e®!"® and

: . . x T Inz\x zlnx - (‘T ln:c)" = zn(lnm)n
using the Maclaurin series for e, we have 2% = (e " %)® = ¢ = E — = 2 —
n! n!
n=0 n=0

As with power series, we can integrate this series term-by-term:

/ z dx—Z/ lnac =§:—$/Ol$n(lnx)"dm

n=0
. . 1 n—1 n+1
We integrate by parts with uw = (Inz)", dv = 2" dz, so du = (o)™ drzandv = = 1

z"(Inz)" ' da

1 s 1 1o,
/ "(lnz)" dx = hm / "(lnz)" dz = lim { (Inz)™| - lim /
0 t—0+ [N+ 1 . t—ot [, m+1

1
_ . n n n—1
=0 n+1/0 z"(lnz)" " dzx

(where I’'Hospital’s Rule was used to help evaluate the first limit).

1 1
Further integration by parts gives / " (Inz)* de = — _I:_ 1 / 2" (Inz)*~! dz and, combining
0 n 0
1 n 1
—-1)"n! (-1 n!
these steps, t "(Inz)" d - )t “dr = ———2——
se steps, we ge /o z"(Inz)" dx (n+1)"/ z" dx T Do

T N L N B e ) ir (GO < G Vi
/Om dx—;a/o z"(Inz)" dz = Zn' (n+ it Z(n+1)n+1zz P

n=1
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18. (a) Since P, is defined as the midpoint of Pn—4Pn_3, Tn = % (Zn—4 + Tn_3) forn > 5. So we prove by
induction that 1 5Tn + Tnt1 + Tnt2 + Tnts = 2. The case n = 1 is immediate, since 5 L o+14+4140=2.

Assume that the result holds for n = k — 1, that is, %:ck_l + Tk + Tk+1 + Tk+2 = 2. Then forn =k,

1
5%k + Tht1 + Trt2 + Tht3 = 3Tk + Thir + Thyz + 2 (Th+3-4 + Try3-3) (by above)

= 12k_1 + Tk + Tkt + The2 = 2 (by the induction hypothesis)

Similarly, forn > 5. yn = %(yn_a; + Yn—3), so the same argument as above holds for y, with 2 replaced by

%yl +ys+ys+ys= % 141404+ 0= —3 So %yn+yn+1+yn+2+yn+3 = %forall'n.
(b) im (32 + Tnt1 + Tay2 + Tnta) = 3 im 2 + lim zny1 + lim Znye + lim 2n43 = 2. Since all
n—oo n—0o0 n—o0 n—oo n—oo

2. In the same way.

the limits on the left hand side are the same, we get % lim z, =2 = lim z, =
n—0oo n—oo

B

i
~jw

limyn:% = limyn:%,soP:(

7
2
n—00 n—oo

19. Let f(z) = Y. _,cmz™ and g(z) = ef® = 3% d,2". Theng (z) =Y o, ndnz™ "}, so nd, occurs as
the coefficient of z™~*. But also

g'(CL‘) — ef(m)f/ (113) — (ZZO:O dn.’En) (Z::l mcmxm—l)

1

= (do + drz + doa® + - + dn1”™ " + -+ ) (c1 + 2027 + 3csz® + -+ meaz" T+ )

so the coefficient of "1 is c1dn—1 + 2c2dn—2 + 3c3dn—-3 + -+ - + ncndo = ;- icidn—;. Therefore,
ndn, = Z?:l icidn—i.

20. Suppose the base of the first right triangle has length a. Then by repeated use of the Pythagorean theorem, we find
that the base of the second right triangle has length 4/1 + a2, the base of the third right triangle has length /2 + a?,
and in general, the nth right triangle has base of length vn — 1 + a? and hypotenuse of length v/n + a2. Thus,

0n = tan"'(1/v/n — 1+ a?) and 0, = tan™! (————) tan™" (——> We wish to
( / ) ; ngl </ 1 + a2 Z + (12
show that this series diverges.

fe o)
1
First notice that the series Z ————— diverges by the Limit Comparison Test with the divergent
vn + a?

oo
. 1 ) .
p-series Z —= (p=3 < 1) since
n=1 \/’f_l
p) oo
/vnt+a® L 150 Ths S ——— also

lim ————F—— = 11

n—oo ]_/\/ﬁ \/n+a2 n n+a2 1+a2/n ’ .n:O n+a2

e o)
diverges. Now Z tan~t (%) diverges by the Limit Comparison Test with Z \/___ since
n + a?

n=0
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tan"1(1 2 tan™(1/vz + a2 -1
i P20 (/vn+a?) - (I/vVz+a®) o tan (/) v=veTa]
n—oo ]_/,/n_i._a? r—00 1/1/27'{"(12 y—00 1/y

tan™! z oo /(14 2%)
= = l —_—_
z—0+ z [z l/y] z—lvrél"' 1

=1>0

(e o]
Thus, Z 0r is a divergent series.

n=1

21. Call the series S. We group the terms according to the number of digits in their denominators:

-

S (brdtotdad) b (bt d) b (b 4o

5N g2 g3

Now in the group gn. since we have 9 choices for each of the n digits in the denominator, there are 9™ terms.

. . . . -1
Furthermore, each term in g, is less than le-1 [except for the first term in g1]. So g, < 9™ - 10n+1 = 9(%)” .

Now >, 9(;96)71_1 is a geometric series witha = 9andr = 1—% < 1. Therefore, by the Comparison Test,

oo n—1
S=30 90 < 20l 9(55) = 173/10 = 90.

22. (a) Let f(z) = 1—45—_? = chw” =co+ c1x + caz® + c3z® + - - . Then
n=0

z= (1_x*l'Z)(Co-i-cw-{-csz+c3z3+...)

T =co+c1z + c2z? + c3z® + caz® + sz’ + - -

— CoT — 61:1:2 — Cz.’L‘3 — C3$4 — 04115 —

— 00182 - 611‘3 - Cz.’L‘4 - C31‘5 —

T =co+(c1 —co)z+ (c2—c1—co)x® + (c3 —c2 — 1)z + - -+
Comparing coefficients of powers of x gives us co = 0 and
c1—cp=1 = ca=c+1=1

c2—c1—c=0 = co=ci+c=14+0=1

cs—c2—c1=0 = c3z=co+c1=1+1=2

In general, we have ¢, = ¢n—1 + cn—2 for n > 3. Each ¢, is equal to the nth Fibonacci number: that is,

oo o0 oo
E cnx” = E cnz” = E fnz™
n=0 n=1 n=1

(b) Completing the square on 2% + z — 1 gives us

<x2+x+i>—1—i:<z+%)2—gz<x+%>2—<§>2

() (3 L) = (4 LB (o 1)

ot

N | =
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T -z -z . . .
So = . The factors in the denominator are linear,

1-—z—x2 x2+x~1:(m+ﬁ§§)(m+%@)

so the partial fraction decomposition is

~z:A(a:+1_—2‘/‘r_’)+B(m+ L?@)

Ife = =145 then - =148 = B\E = B=12f

Ifx:—l_;@_then_—#;@:,q(_\/g) = A= 1£Y5 Thus,

—2v5
146 1-+8
z _ 2V 25
1-z—2? 1++5 1-5
T+ 3 T+ 5
1+v5 2 1— 2
=28 14ve L 2V 1-46
= 5 5 .
x+1—+§@ v et iSE T
_ 15 1/+/3
1+1+2\/§w I+ 2\/5m
1 oo 2 n 1 oo 2 )n
=7 - ) +—= - T
5§o< 145 ) 5,;)( 1-+5
1 -2 \" -2 \" .
= - T
5,;,[<1—\/5> (1+\/5>}
ZLZ (=2)"(1++5) 71—(—2) (ln—\/g) o hen — 0 temis O]
5n=1 (1_\/5) (1+\/5)
L [ear(eve) - - vE))]
Vot (1-5)
L& [ vE) - (1= VB -
-5 z" [(-4)" = (=2)"-2"]
| op (
oo 1 5 TL_ liﬁ n . ' N
From part (a), this series mustequalanx",so fn:( +\/_)2n\/.(5_ ) , which is an explicit
n=1

formula for the nth Fibonacci number.





