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A simple example, for a rectangular region, is shown in Figure 9.3. Along the
upper boundary the head is given to be 100. In the lower left corner a zero head is
specified. All other boundaries are impermeable. An initial estimate of all |
unknown values is required in order to solve the problem. For simplicity, thes i
have all been assumed to be equal to the average of the boundary values, i.e., 50. gxamrl&é

The first figure shows the initial data. By examining these values it must be e
concluded that they do not satisfy the conditions (9.1.9). However, they can now '
be corrected, successively, so that they do satisfy the basic equation. In the central
part of the figure, the algorithm (9-1.9) has been applied once to all nodes, starting
in the upper left corner, and rounding off to the nearest integer. Of course,
subsequent corrections partly destroy the agreement reached in a previous !
correction, and the new values still do not satisfy (9.1.9), The results show a | =

definite improvement on the initial values, however. After a number of iterations,

in each of which all values are updated, the correct solution, represented in the
right part of the figure, is obtained. '

106— 106— 100 108 180-—108— 108108

P el T j
L B0 O™

Initial estimate After 1 iteration Final solution
Fig.9.3. Example of the finite difference method.
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The method described above is _known as the method of relaxation after
Southwell (1940), who used the term to indicate that in each step one of the errors
is relaxed. Experience shows that the method converges for all problems gf
potential flow. In mathematical terminology, the relaxation mcthod is also known
as the Gauss-Sexdel method (see Appendix A). -
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Before presenting a computer program that will perform the finite- difference

| calculations, the basic algorithm will be generalized to the case of a mesh of
 varying intervals. This can be done most conveniently by the ication
| Taylor’s series expansion formula. If the value of a function F(x) at the point x; is

denoted by F;, the values at the neighboring points x,, , and x,._, can be expressed
in terms of the values of the function and its derivatives at point x;, as follows

. dF - d’F .
CF = Ft (x4, "xl)'a'; + (x4 —x)? e +oeee (8.1.11)
dF d’F
Fi_,=F +(x -x,_,)‘-a—;v+ x; =x,_,)? a +--- (9.1.12)
Elimination of the first derivative dF /dx from these equations gives
d°’F f 1.
: F;T-Aiﬁ-hl-*'BiFl—l-(Ai+BI)Fi+“' ®113)
where |
A= V[(x ) = x) (%4 =X-1)2), | (9.1.14)
By = 1/[(x = %-1) (%14, —x-1V/2 ’ ‘ (9.1.15)

Equation (9.1.13) is the generalization of (9.1.7) for variable distances between
successive mesh points. If x;, , — x, = X = X~ = Ax, Equation (9.1.13) reduces
t0 (9.1.7). g e SR '

The approximation (9.1.13) can directly be used to approximate the partial
derivative 3?F/9x?; and a similar formula can be derived for the partial derivative
92F/9y*. In this way, the following generalization of (9.1.9) is obtained

(A; +BI +G +D)¢,, -Ai¢i4;l.j "*_’B#i-l./ +.C;‘¢i./+l +D/¢i/-l v(9‘1-16)
where A, and B; are given by (9.1.14) and (9.1.1 5), and where
G =110+1 = %) Oper = 3-1)/2], (9-1.17)

D= 1710 = %-1) Oje1 =%-1)/2)- (9.1.18)
'If all mesh sizes are equal the coefficients A,, B;, C; and D; are all equal and
(9.1.16) reduces to (9.1.9). , . '
A computer program, in BASIC, based on the algorithm (9.1.16) is reproduced
as Program BV9-1. i
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DEFINT I-N:KRY OFF:GOSUB 540

PRINT"-—— Bear & Verruijt - Groundwater Modeling"
PRINT"--- Plane steady groundwater flow"

PRINT"--- Finite differences":PRINT"--- Program 9.1"
PRINT"--- Rectangular area, with irregular mesh":PRINT:PRINT
DIM X(21),Y(21),F(21,21),IP(21,21),A(21),B(21),C(21),D(21)

INPUT"Number of mesh lines in x-direction (max. 20) ";NX
INPUT"Number of mesh lines in y-direction (max. 20) ";NY:PRINT
FOR I=1 TO NX:PRINT"x-coordinate of line ";I;:INPUT X(I):NEXT I

190 PRINT: FOR I=1 TO NY:PRINT"y-coordinate of line ";I;:INPUT Y(I)

NEXT I:X(0)=X(1)~(X(2)-X(1)):X(NX+1)=X(NX)+(X(NX)-X(NX-1))

Y(0)=Y(1)=(Y(2)~Y(1)): Y(NY+1)=Y(NY)+(Y(NY)-Y(NY-1)):GOSUB 540
=0:K=0: PRINT"The head must be given in at least one point"
PRINT:PRINT" i = ";:INPUT I:PRINT" j = ";:INPUT J

PRINT" F = ";:INPUT F(I,J):IP(I,J)=1:A=A+F(I.J):K=K+1
PRINT: PRINT"Repeat input of given head (Y/N) ? ";:GOSUB 510

IF A$="Y" THEN 230
A=A/K:FOR I=0 TO NX+1:FOR J=0 TO NY+l:IF IP(I,J)=0 THEN F(I,J)=A
NEXT J:NEXT I .

FOR I=1 TO NX:A(I)=2/((X(I+1)-X(I))*(X(I+1)~-X(I-1)))
B(I)=2/((X(1)~X(I-1))*(X(I+1)~X(I-1))):NBXT I
FOR J=1 TO NY:C(J)=2/((Y(I+1)-Y(J))*(Y(I+1)-Y(J-1)))

D(J) =27 ((Y(I)=Y(I-1) ) %(Y(I+1)-Y(J~1))) : NEXT J:NI=NX*NY:RX=1.4
PRINT: PRINT"Iteration";:FOR IT=1 TO NI:PRINT IT;

FOR I=1 TO NX:F(I,0)=F(I,2) :
FOR J=1 TO NY:F(0,J)=F(2,J):IF IP(I,J)>0 THEN 380

A=A(I)*F(I+1,J)+B(I)sF(1-1,7)+C(J)*F(I,J+1)+D(J)*F(I,J-1)
A=A/ (A(I)+B(I)+C(J)+D(J)):F(I,3)=F(I,J)+RX¥(A-F(I,J))
F(NX+1,J)=F(NX-1,J) : NEXT J:F(I,NY+1)=F(I,NY-1):NEXT I

FOR J=1 TO NY:F(NX+l1,J)=F(NX-1,J)
FOR I=1 TO NX:F(I,NY+1)=F(I,NY-1):IF IP(I,J)>0 THEN 430
A=A(I)*F(I+1,J)+B(I)*F(I-l,J)+C(J)tF(I,J+1)+D(J)*F(I,J—l)

A=A/ (A(I)+B(1)+C(J)+D(J)) : F(I,J)=F(I,J)+RX*(A-F(1,J))
F(I,0)=F(1,2):NEXT I:F(0,J)=F(2,J):NEXT J

NEXT IT:GOSUB 540:PRINT"Output”:PRINT: AS="#E#¥#. ##4"
FOR I=1 TO NX:FOR J=1 TO NY
PRINT" x = ";:PRINT USING AS;X(I);

PRINT" -~ y = ";:PRINT USING A$;Y(J);
PRINT" - F = ";:PRINT USING A$;F(I,J):NEXT J,I:PRINT
PRINT"Repeat iteratioms (Y/N) ? ";:GOSUB 510:IF A$="Y" THEN 330

PRINT: END
A$=INPUTS$(1):IF A$="Y" OR A$="y" THEN A$="Y":PRINT"Yes" : RETURN

IF A$="N" OR A$="n" THEN A$="N":PRINT"No": RETURN
GOTO 510 .
CLS: LOCATE 1,28,1:COLOR 0,7:PRINT” Finite Differences - 1"

COLOR 7,0:PRINT: PRINT: RETURN




— k+2

(g’ Dy
Pigurs 2.4 The finite differnce operators for first few derivatives
: of Y=y .x,y) in x- and y-directions at point [j,k]
with - :{approximation
O(Ax)



